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Abstract 

We study a linear q— difference-differential Cauchy problem, under the action of a perturbation pa¬ 
rameter e. This work deals with a q— analog of the research made in [8] giving rise to a generalization of 
the work m ■ This generalization is related to the nature of the forcing term which suggests the use of 
a q —analog of an acceleration procedure. 

The proof leans on a q —analog of the so-called Ramis-Sibuya theorem which entails two distinct 
q— Gevrey orders. The work concludes with an application of the main result when the forcing term 
solves a related problem. 
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1 Introduction 


The present work deals with the study of the solution u{t, z, e) of a family of inhomogeneous 
linear q— difference-differential Cauchy problems of the form 


(1) 


Q{d z )a q u(t, z, e) 


= {et) dD Uq 2 R D (d z )u(t,z,e) 


D -1 f 

+ X ^2t dx ’ i e Ax ’ e a s q Cc x/{ z ,e) R l (d z )u(t,z,e) 

1= 1 \A £l e 


+ °qf(t,z,e). 


Here, D, &2,dD are positive integers with D > 3, q is a real number with q > 1 and for every 
1<KH-1,/Usa finite nonempty subset of nonnegative integers whilst be is a positive 
integer. For each 1 < t < D — 1 and A G Ie, we take d\ t e > 1 and > 0. 

The elements Q and Re, for 1 < t < D, are polynomials with deg(Q) > deg (Rd) > deg(i?£) 
for all 1 < £ < D — 1. The details on the properties satisfied by the previous constants and 
polynomials involved in the equation under study are carefully described at the beginning of 
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Section [5j We also give an example of a problem under study in the present work at the end of 
Section [5j 

The variable e acts as a perturbation parameter in the problem. We describe an asymptotic 
meaning of the solutions and provide the existence of a formal solution to the main problem 
with respect to this parameter (see Theorem [3]). 

For every 7 £ M, the operator aq appearing in |l]) stands for the generalization of the dilation 
operator on t variable, with 7 = 1 . More precisely, for any function g given in a set H, dq is 
defined by 

<rq(ff(t)) : = g(g 7 t), 


whenever the right-hand side makes sense, i.e. if q 7 t £ H for all t £ H. We will also consider the 
natural extension of this definition to the formal framework in the following way: given a formal 
power series f(z ) = Yle> 0 ft* w hh coefficients in a set which is closed under multiplication 
by real numbers (in our concerns, this set would turn out to be a complex Banach space), the 
formal power series dqf is given by • 

For every 1 < t < D— 1 and A £ Ip, the function c\^(z, e) is constructed as the inverse Fourier 
transform with respect to z of a continuous function (m, e) 1 —> C\j(rn, e) defined in M x B, where 
B is a neighborhood of the origin. As a matter of fact, c\£ is a bounded holomorphic function 
defined in a horizontal strip in the variable z, say Hgi (see (20)), times B. 

The forcing term f(t,z,e ) turns out to be a holomorphic function defined in T x Hp> x £, 
where T and £ stand for finite sector with vertex at the origin. In the sequel, we provide more 
details on this function which is crucial in order to understand the interest of this work. 

We choose 1 < k\ < & 2 , and put 


1 


1 

h 


1 

k'2' 


The construction of f(t, z, e) regards as follows. Let m 1 —> F n (m , e) be a continuous function 
for m £ M and holomorphic with respect to e £ B, for every n > 0. We assume the formal power 
series F(T. m, e) = JJ n >o e)T n is such that its formal q —Borel transform of order k\ (see 

Definition [4]) 

^fci(r,m,e) := B q . l/kl (F(T, z, e))(r) = ^ 

n>0 (g 1 /^!) 2 

is convergent in a neighborhood of the origin, D\. with respect to r variable. Moreover, we as¬ 
sume there exists a finite family of directions (t> p )o<p<?-i such that il’ kl extends holomorphically 
to an infinite sector Uo p with vertex at 0 and bisecting direction 0 p , with q —exponential growth 
of order k\ at infinity, uniformly with respect to e £ B. We write for this extension. This 
last assertion states there exists an appropriate (m) > 0 such that 


( 2 ) 


sup (r, m,e) \< <^ h (m) exp 

e&B 


ki log 2 |r| 
21 og(g) 


for every r £ Z7 0 with t ^ D\ (see (74)). 


One may apply q —Laplace transform of order k\ on (see Lemma 5). Also, the dependence 
on m lying in (m) allows us to take inverse Fourier transform on this variable and define 
/ 0p as the result of both transformations. Finally, regarding assumption 3) in Definition [tJ one 
may apply the change of variable r 1 - 7 - et to define f dp (t.,z,e) := f 0p (te,z,e ), as a holomorphic 
and bounded function defined in T x x £ p . Here, £ p is a finite sector with vertex at the 
origin in the perturbation parameter, where the family (£p)o<p<<;-i is chosen to determine a 
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good covering in C* (see Definition [6]) . For a more detailed construction of these elements, we 
refer to Section [5j 

More precisely, we aim to study the solution v? p (t, z, e) for 0<p<?— lofa family of 
related problems regarding each direction of extendability associated to the forcing term, rather 
than ([Tj) . We write 


(3) 


Q(d z )a q v° p (t , 2 , e) = ( et) dD a q 2 R D (d z )v? p (t, z, e) 


D-r / 

+ Y1 ^t dx ’ e e Ax ’ e v q e c\/(z,e)R e (d z )u* p (t,z,e) 
e=i \xeh 


+ cr q f p (t,z,e). 


for each 0 < p < — 1 for the different equations under study. 

Let us take a brief look at equation 0 (or equation ([3])) and describe some concerns which 
are important to understand the nature of the problem studied. Regarding variable 2 in equation 
([3]), we have decided to split the right-hand side in two terms: a first term related to Rd(9 z ) 
in which the degree of the operator exceeds those of the remaining terms, associated to Ri(d z ), 
0 < £ < D — 1. It is at this point where one of the q— Gevrey growth phenomena regulating 
the equation arises. Indeed, the dilation operator of this term causes a q— Gevrey phenomena 
of type &2 to appear. 

As a first attempt one is tempted to study an auxiliary problem in the Borel plane directly, 
following the classical method of summability of formal solutions of different types of equations. 
In this direction, regarding Proposition [7j one might try to apply q— Borel transform of order k-z 
at both sides of equation Q, study the resulting q— difference-convolution problem (46), obtain 
a solution to this problem having an adequate growth in r variable in order to provide a solution 
to ([Tj) via the analytic inverse operator, the q— Laplace transform of order k' 2 - However, this 
procedure, followed in the recent work [TO] . is not fruitful because of the growth nature of the 
forcing term. Indeed, the application of q— Borel transform of order ka on the forcing term gives 
rise to a formal power series which might have null radius of convergence. 

The alternative procedure followed in this work is to split the summation procedure in two 
steps. Firstly, we proceed with a q— analog of Borel-Laplace summation method of a lower type, 
k and attain the solution by means of an acceleration-like action. It is worth mentioning that 
this idea is an adaptation of that in [8], to the q— Gevrey case. Also, the idea of concatenating 
formal and analytic q— analogs of Borel and Laplace operators in order to solve q— difference 
equations appears in [3]. 

The present work continues a series of works dedicated to the asymptotic behavior of holo- 
morphic solutions to different kind of q— difference-differential problems involving irregular sin¬ 
gularities investigated in 0 , 0 , m, mi. These works can be classified in the branch of 
studies devoted to study from an analytic point of view of q— difference equations and their 
formal/analytic classiffication in [20] . [13] . [ 13] , m, M- It is worth pointing out another 
approach in the construction of a q— analog of summability for formal solutions to inhomoge¬ 
neous linear (/—difference-differential equations based on Newton polygon methods, see [18] . and 
also the contribution in the framework of nonlinear q— analogs of Briot-Bouquet type partial 
differential equations, see [2T] . 

Let us exhibit the plan of the work. 

We first state the definitions and some properties of the Banach spaces of functions involved 
in the construction of the solution of equation ©>• The elements of this spaces consist of 
holomorphic functions defined in an infinite sector with vertex at 0 (resp. an infinite sector with 
vertex at infinity and a disc at 0) subjected to a q— exponencial growth at infinity, with respect 
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to the first variable. Also an exponential decreasement at Too is assumed in the real-valued 
variable m (see Section 2). In Section 3, we recall some formal and analytic transformations such 
as the formal q— Borel transform of a positive order, and the analytic q— Laplace transform of a 
positive order. This transformations were introduced in the work |3j to construct meromorphic 
solutions to linear q— difference equations from formal ones. In this section we also give a review 
on the properties satisfied by inverse Fourier transform, F~ l . 

In Section 4.1, we consider the auxiliary equation 

Q(im)a q U(T,m, e) = T dD a q 2 RDiini^U^^m^e) 

(4) 

/ _ i roo 

+ 'll /2 / C X /(m-mi,e)R e (im 1 )U(q Se T,m 1 ,e)dmi ] +a q F(T,m,e). 

e=i \xeh [ > J ~°° 

and study the resulting equation after the action of formal q— Borel transformation of order k\ 
on an equation coming from Q: 


Q(im ) 


D—l 


_fci 


(gl/fci )fci(fcr-1)72^1 ( T ’^ 


T 


d,D+k\ 


-cr dD/fi R D (im)w kl (r, m, e) 


+ E E 


£=i \as/* 


e ^x,e—d\,t T d\,e+k\ 
(gl/fcl TdA,£ + fcl)(d^^-|-fcl —l)/2 


^gl/fci ^(dD+fci)(d£)+fci —1)/2 9 

(Cx/(m,e) * Re w kl {r,m,e )) 


1 


cr, 


(2vr) 1 /2 


(5) 


r fci 


+ 


(gl/fcl )fcl(fcl —1)/2 ^ ( T ’ m ’ ^ ' 


For every 0 < p < (; — 1, we come up to a novel auxiliary problem fixing ijjk l := ijj^ . and by 

means of Proposition 10 we get the existence of a solution w^(t, m, e) of (JHJ) , which satisfies 
that 


sup \w£(T,m,e)\<C"* 


r£U i)p UD 1 
m£ K 


W k 1 (1 + \m\)^ 


e^ H exp 


/■clog 2 \t T <5| 
21og(g) 


+ a log |r + <5| ) , 


uniformly with respect to e € B, for some C o p , 5, a, //, (5 > 0. 

_ Wk i 

In Section [4~ 2 we study the action of formal q— Borel transform of order on an equation 
obtained from As it was pointed out above, one can not guarantee convergence of the 
resulting element in a neighborhood of the origin, arriving at the formal problem 


Q{im) 


D -1 


r-^2 


(gl/fe^feffa —1)/2 


w k2 (T,m,e ) = R D {im) 


T 


dj^-\-k2 


(^ql/k,2 'j(dD+k2)(d,E>-\-k2 — 1)/2 


w k2 (r,m,e ) 


+ E E 

€=i \Ae/« 


(gl/fc2)( d A,^+ fc 2)(<iA,£+ fc 2-l)/2 


—-rr ^-—l 1 

cr 0 2 7 rrT^(Cj/(m,e)* £ u) fc2 (r, m, e)) 


(27T) 1 / 2 


( 6 ) 


A2 


+ 


(gl/fc2)fc2(fc2-l)/2^ 1 / fc 2( i? ( T,m,e ))- 


We substitute the formal power series B q -i/ kr> (F(T,m, e)) by the acceleration of for each 
0 < p < ? — 1 and study the resulting equation for each p. The role of the acceleration 


















5 


operator is being played by q —Laplace transform of an adecquate order. Indeed, we substitute 
B q .i/k 2 (F(T,m,e)) by C q .^/ K {h e-x m, e))(r), constructed in Lemmaji for every 0 < p < 

1. By Proposition |ll| we obtain a solution of the previous problem by means of a fixed 
point result in appropriate Banach spaces. This solution is defined in (JZ\ p U S 0p ) xlx5, where 
(resp. S 0p ) stands for a finite wide sector (resp. an infinite sector) of bisecting direction d p . 
Indeed, one has 

(7) sup 


\w 


r6(7j| p U S 5p ) 
mGl 


k2 


(r, m, e)| < Co 


1 


k 2 (1 + \m\Y 


e -p\ m \ exp 


k 2 log 2 


2 log (< 7 ) 


+ V log IT | 


for some C o v , v > 0. 

W, y 
k 2 


We prove (Proposition|l2| that w° k P 2 and T^ /k (t i—> w^' ( t , m, e)) coincide in the intersection of 

their domains of definition. Consequently, £^ /k (t i —> (r, m, e)) can be extended to USt> p - 

In view of (|7|) and the choice of the domains associated to the good covering (£ p )o<p<?-i (see 
Definition I7]b one can define the function 




(t, z,e) := T 1 I m e-x 


w l P 2 ( u i m : e ) du 


v/*2 Jl „„ e„i/fc 2 (i) « 


(«)> 


^ip 


for every (t, 2 , e) £ T x Hp* x £ p , for all 0 < p < ? — 1. Here L 7p stands for a ray from 0 to 
infinity contained in see Theorem [lj The function u° p (t,z,e ) solves Q (see Theorem |Tj). 

In the spirit of [3], the procedure we have followed can be summarized in some sense by the 
composition of these operators: 

Fq y l/k 2 ° F-q;l/n ° ^1 /k ° ^l/k 2 C q -\/k 2 ° F q -\j K O B\jk^ ■ 

In the second part of Section [5] we study the difference of two solutions and obtain two different 
results, depending on the geometry of the problem (see Proposition |13| and Proposition 14). The 
previous results are applied in Section [b] to attain the main result of the work (Theorem 13) > by 
means of a novel two-level version of a q— analog of Ramis-Sibuya theorem (see Theorem [ 3 ]), 
namely, the existence of a formal power series 


u{t,z,e ) = V h m (t,z)— G F[[e]] 

m\ 


m> 0 


with coefficients in the Banach space F of bounded holomorphic functions defined on T x Bp 
with the supremum norm. This formal power series is a formal solution of 


Q(d z )a q u(t, z, e) = ( et) dD a q 2 R D (d z )u(t , 2 , e) 

+ ^2 ( ^ tdx ’ eeAx ’ ea q tc ^( z ^) R t(9 z )u(t, z,e) ) +a q f{t,z,e), 
1= 1 \A el e 


where / is the common asymptotic representation of / 0p with respect to the perturbation pa¬ 
rameter e, as described in Lemma [dJ The sense in which u(t,z,e ) represents u 5p (t, 2 ,e) for all 
— lis detailed in Theorem [4j 

The work concludes in Section [7] with an application of the main result when the formal 
power series F(T,m,e) is a solution of another related problem (see Theorem [ 5 ]). 
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2 Banach spaces of functions and related results 

Throughout the whole section we fix real numbers /3, p > 0, q > 1 and a. Some conditions on 
this elements may be described when needed in the following constructions and results. 

Through this section we assume Ud C C* := C\ {0} is a sector with vertex at the origin and 
bisecting direction d G M. We also choose p > 0 and consider the disc centered at 0 6 C with 
radius p, notated by D(0,p) := {r 6 C : |r| < p}. Let 5 > 0 and assume that the distance from 
Ud U D( 0, p) to the real number —6 is positive. We also take k > 0. 

We denote D(0,p) the closure of D(0,p). 

Definition 1 We denote Exp d k p pa p ) the vector space of continuous complex valued functions 
(r, m) i— > h(r, m) on Ud U D( 0, p) x M, holomorphic with respect to r on Ud U D( 0, p) such that 


(d™)l| {k,p,p,a,p) : = SU P (l + MyV 31 ™ 1 


exp 


rGC/^UD(0,p) 

mGM 


Hog 2 |r + <5| 
2 log (9) 


— a log |t + <5| ) | h(r, m)\ < 00. 


The set Exp d k ^ p a ^ turns out to be a Banach space when endowed with the norm IHI (kPpap)- 

The previous norm is a modified version of that used in the previous work [5], and by the 
first author in m- Here, a shift on the variable r is needed in such a way that the elements 
belonging to Exp^ fc ^ p a ^ remain holomorphic and bounded in a neighborhood of the origin, 
whilst ^—exponential behavior at infinity is preserved. 

Lemma 1 Let (r, m) *->• a(r, m) be a bounded continuous function defined in (UdUD( 0 , p)) xM, 
holomorphic with respect to r onUd U D( 0 ,p). For every h(r,m) € Exp d k ^ pap y the function 
a{r, m)h(r, m) G Expf k ^ ^ a p) and 

|| a( T ) /i(r, m )\\(k,/3,n,a) < \\HTm )\\ (fc)/3i/W)) , 

where C x = sup re(I/dUS(M)imeR |a(r,m)|. 

Proposition 1 Let 71,72 > 0 such that 

(8) 71 < /c7 2 . 

Then, there exists C2 > 0 (depending on k, q, a, 71,72, 5 ) with 

||r 71 W(r,m)|| (feATO) < C 2 \\f(r,m)\\ {kj0m) , 
for every /(r,m) E Exp d {kApoip) . 


Proof Let / G Exp^ fc p pa p y One can write 


•71 rr~ 72 


T ' (7, 


f(r, m) | 


U. a \ = sup (1 + \m\Ye^ m ' [ exp ( —- . 

(k,p,v,a,p) 1 U 21og(?) 


r£U ( i'BD(0,p) 

mGl 


Hog 2 |r + <5| 


x |/(r/g 72 ,m)|exp -- 


/dog 2 

^2 + ^ 


r 

\ / k log 2 

^2 + $ 



— a log 

— + 5 

exp 



— a log |r + <5| ) |r| 71 


+ a log 


— + <5 

qi2 
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We observe that a q 72 (UdL)D(0, p)) C UdUD(0, p). As a consequence, the previous expression 
is upper bounded by 


/ k{ log 2 

(9) \\f(r, m)\\(k,p,n,a,p) SU P ex P- 

reU d UD(0,p) y 

For every r 6 UjU D( 0, p) one has 


~^2 + $ 


- log 2 |r + 5|) 


171 


21og(g) 


|r/g 72 + <51 
|t + 5\ 


(10) log 2 


— + 5 

qi2 


-log 2 |r+<5| = log 2 |t+< 5g 72 |+log 2 (g 72 ) —272 log(g) log |r+5g 72 |-log 2 |r+<5|. 


Let pi = 2 p. For every t £ Sd with |t| > pi, standard calculations yield 

t + 5 q n 


log 2 |r + 5q l2 \ — log 2 |r + 5| = log |(r + 5q l2 )(T + 5)| log 
( 11 ) 


r + 5 

< C 21 log |r| log [ 1 + 6{q " 2 ~! ) ) < C 22 log |r| -~ , 1} < C 23 , 


|r + (5| J |r + 5| 

for some CYi , C 22 , C23 > 0 (depending on q, 72, 5). On the other hand, the function 

t i-t- log 2 | t + 5q 12 1 — log 2 |r + <5| 


is continuous in the compact set D(0,p) U {t E Ud '■ |r| < pi}. This and (11) provide the 


existence of C24 > 0 (depending on k,q, 72, 5) such that (10) is estimated from above by C24 — 
272 log(g) log \r-\-5q 12 \. Taking into account these estimates, one derives the existence of C25 > 0 
(depending on k, 5, q , 72) such that 


r 7l cr” 72 
I q 


^ 025 H/(^ 7 ^)H ( fc,AM,c,p) SU P |r| 71 ( K+1 9 S \ ^ l T +^ 72 | kri 

T£U d UD(0,p) v l T + °l / 


It is straight to check that 


sup | r 
r£U d UD(0,p) 


71 


( | ^ |r + 5q 12 1 kl2 < sup C 2 &X 11 (x + dg 72 ) fc72 , 

V r + d| J x >o 


for some C 2 & > 0. The result follows from here, in view of 


□ 


Definition 2 We denote E^p^ the vector space of continuous functions h : M — > C such that 
IIM m )ll( ( a, /i ) : = SU P(1 + \m\)^ ex.p(P\m\)\h{m)\ < 00. 


mGl 


The pair (E^p^y ||-||/^^) is a Banach space. 

Lemma 2 Let hj : M — > C be a continuous j 
is finite, and /12 G E^p^y Then the product h\h 2 G E^p ^ and 


Lemma 2 Let hj : M — > C be a continuous function for j = 1, 2. Assume that sup m ^\hi(m) 


\\hi(rn)h 2 (m)\\(p * < sup \hi(m)\ \\h 2 {m )|| (/3;/i) . 

\m£ R ' 

















Proof It follows from the definition of the norm 




□ 


Let hj : 


■> C be a continuous function for j = 1,2. Let Q E C[X], One can define the 
convolution product 

/ OO 

hi(m — mi)Q{imi)h 2 {mi)dmi, m E M, 

-OO 

whenever the integral converges, extending the classical convolution product for Q = 1. 

Proposition 2 Let Q,R E C[ac] such that deg (R) > deg (Q), R(im ) / 0 for every m E 
M. Assume moreover that p > deg(Q) + 1. Given a continuous function b : M —>• C with 
sup meK \b(m)R(im)\ < 1, the space H'llcg^)) turns out to be a Banach algebra when 

endowed with the product * b, Q defined by h\{rn) * b ’® h^iyn) := b(m)hi{m) /i2(m) for every 
mEl. 

We refer to [7] for a proof of the previous result. 


Proposition 3 Let Q,R,b be as in PropositionWe assume c(m) E ■ Then, for every 

f e Ex P d (k,p m y the functioned f E Exp d {KPm) and 


( 12 ) 


c(m ) * b, Q f(r , m) 


< C 3 \\c{m)\\ (M ||/(r, m)|| (feA/iia>p) 


for some C 3 > 0 (depending on p,q,a,k,Q(X),R(X)). 

Proof Let / E Exp d fc p pa p y Regarding Proposition j2j it is direct to check that c(m) * b ’® /(r, m) 
defines a continuous function in U<i U D(0, p) x M and holomorphic in Ud U D{ 0, p ) with respect 
to the variable r. From the definition of the space Exp d fc p pa ^ one has 

c(m)* b ’ Q f(r,m) 


< sup (1 + \m\y i e 


M 


exp 


rGC7^UD(0,p) 

mGM 

|R(im)6(m)| 


/clog 2 |r + <5| 
2 log(g) 


— a log |t + 51 


|R(im)| 

x |/(r,mi)|(l + \mi\YedP 


/ OO 

((1 + |m — mi|) M e /3 l m_mi l|c(m — mi)||Q(imi)| 

-OO ' 




-dmi 


(1 + | m — mi|)^(l + 

From the hypotheses made on Q and R , there exist C 3 \, C32 > 0 such that 
(13) \Q(im x )\ < C 3 i(l + Imrl)^), \R{im)\ > C 32 ( 1 + |m|) de ^), 


for every m E M. The triangular inequality, the estimates in (13), and Lemma 4 in 
Lemma 2.2 in [2j) yield the existence of C 3 > 0 such that 


(1 + \m\Y f°° |Q(imi)|e^H-|™-™ 1 |H™il) 


/ 


\R{im)\ J_ 00 (1 + |m. — ?ni|)^(l + |?ni|)^ 


dmi 


1 


/O poo 

(14) < sup -^(1 + | m |)**-*«(Q) / ——- h deg (Q) 

m£i L32 J_oo (1 + \m - mi|)^(l + 


dm\ < C 3 , 


(or 
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for every m6l, provided that p > deg(Q) + 1. This proves (12). 


□ 


Let Sd be an infinite sector of bisecting direction d and 7 Z d be a finite sector of bisecting 
direction d. We take v E M. 

We dehne another space of functions which will be useful in the sequel. It corresponds to 
that of Definition 1 in m- 


Definition 3 Exp d k p stands for the vector space of continuous complex valued functions 
(r, m) i->- h(r, m) on (Sd U lZ b d ) x M, holomorphic with respect to r on Sd U lZ b d such that 


\T,m 


\{k,p,n,v) 


sup (1 + \m\Ye 

TG(SdUTZ l f),m£M. 


h\m\ 


exp 


Hog 2 |t| 

21og(g) 


— v log |r| ) | h(r, m)\ < oo. 


The space Exp d k p pu \ turns out to be a Banach space when endowed with the norm ||-||^ p p v y 

The growth behavior of the elements in the space Exp/, p differs at 0, when compared to 
the growth rate of the elements in Exp^ fc p fiu ^ at the origin with respect to r variable. However, 
both spaces share functions with the same growth at infinity. 

We state some auxiliary lemmas in the shape as those enunciated for the space Exp^ fc p pa p y 
The proofs for these results are omitted, and they can be found in [IQ] . 


Lemma 3 Let (r, m) H > a(r,m ) be a bounded continuous function in S d U TL h d x M, holomorphic 
with respect to r on SdUTZ b d . For every h(r,m) E Exp d k p pv y the function a(T,m)h(T,m ) E 

Ex rfkAw) and 

\\a(T,m)h(T,m)\\^p^ u) < C x \\h(r,m)\\ {kApv) , 
where C x = sup^^^ |a(r,m)|. 

Proposition 4 Let 71,72,73 > 0 such that 


(15) 


72 > ^73, 71 + k-f 3 > 72. 


Leta 71 (r) be a holomorphic function on SdUTZ b d , continuous on SdUlZ d with (l+|r|) 71 |a 71 (r)| < 1 
for every r E (Sd DlZ b d ). Then, for every f E Exp d k p ^ u y the function a 7l (t)t 72 ct/ 73 /(t, m) 
belongs to Exp d k p y and there exists C 2 > 0, depending on k, q, v, 71,72,73, such that 


A 7l 


(t)t 


72 o- g 73 /( T , m) || 


{k,/3,u,v) 


< C2 ||/(r, rn)\\^ k p^ v ^ . 


Proposition 5 Let Q(X), R(X) and b be as in Proposition [£| We assume c(m) E E^p m y 
Then, for every f(r,m ) E Exp^p^s the function c(m ) /(r, m) E Exp d k p pv ^ and there 

exists C 3 > 0, depending on Q(X), R(X), p, q, u, k, such that 


c(m ) * b '® /(r, m ) 


{k,p,^,v) 


< C 3 \\c(m)\\ (M 11/(^771)11^^) 
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3 Review of some formal and analytic transforms 


In the present section, we recall the definitions and main properties of some formal and ana¬ 
lytic transforms. More precisely, we will be concerned with q— Borel, q— Laplace and Fourier 
transforms. Throughout this section, IE stands for a complex Banach space. 

Let q > 1 be a real number and k > 1 be an integer. The next definition and result can both 
be found in [3], and also in the previous work IIIl- 

Definition 4 Let a(T ) = Yln> o a nT n G E[[T]]. We define the formal q—Borel transform of 
order k of a(T ) as the formal power series 

„ _ T n 

B q . 1/k (a(T))(r) = 1/fc (n _ 1)/2 G E[[r]]. 

n> 0 W ' 

We recall that for every 7 G M, the operator af, acting on E[[T[], stands for the generalized 
dilation operator on T variable, a q (d(T)) = a^T) for every a(T) G E[[T]]. 

The proof of this result can be found in [10], Proposition 5. 

Proposition 6 Let a G N and j G Q. Then, the following formal identity holds 
B,. tl/k (T^ia(T))(T) = (gl/t) ^,. 1)/2 4~ i (*W(«U))(») , 

/or ewer?/ o(T) G E[[T]]. 


At this point, we can recall the definition of a q— Laplace transform of order k, extending 
that used in [5J for k = 1 , and introduced in the work m- It provides a continuous q— analog for 
the formal inverse of B q .\/ k developed in [3j. The associated kernel of the q— Laplace operator 
is Jacobi theta function of order k defined by 

E n(n-l) 

q '*-■. X n , 


for x G C*, m G Z. This function solves the q— difference equation 


(16) Q q y k {qkx) = q ( ^ ] x m Q ql/k (x), 

for every x G C*. As a direct consequence of Lemma 4.1 in |5], extended for any value of k, 
Jacobi theta function of order k satisfies that for every 5 > 0 there exists a positive constant 
C q! h not depending on 6 , such that 


(17) 


@ q l/k(x) 


> C qt k6 exp 


k log 2 |x| \ 
2 log(g) / 



for every iGC* verifying |1 + xq fc | > <5, for all m G Z. This last property is crucial in order 
for the q— Laplace transform of order k to be well-defined. 


Definition 5 Let p > 0 and Ud be an unbounded sector with vertex at 0 and bisecting direction 
d G M. Let f : D(0,p) U Ud —> E be a holomorphic function, continuous on D(0,p) such that 
there exist constants K > 0 and aGl with 


k log 
2 


log (q) 


a log \x\ 


(18) 


II/(*)IIe < k ^v 
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for every x E Ud, |a;| > p and 
(19) 


II/(*)IIe<^ 


for all x E D(0, p). Take 7 E M such that e* 7 E Ud- We put ir q i/k = log(t/l E[n>o 
and define the q—Laplace transform of order k of f in direction 7 as 

f(u ) du 


1 \-i 


(1-sr) 

q k 


= r 1 - [ 

J L~f yjql/k \rp) 


U 


where L 1 stands for the set M+e* 7 := {te * 7 : t E (0,00)}. 

The incoming lemmas are stated without proof which can be found in [10] . Lemma 4 and 
Proposition 6. The first result studies the domain of definition of the q— Laplace transform of 
order k whilst the second states a commutation formula of the q— Laplace operator of order k 
with respect to some other operators. 

Lemma 4 Let 5 > 0. Under the hypotheses of Definition j^, £ 7 1 ^ fc (/(x))(T) defines a bounded 
and holomorphic function on the domain 1Z g n D( 0,77) for any 0 < 77 < q( 2 ~ a )/ k /2, where 


K^s = {T£ C*: |1 + 


y 


> for all r > 0 


The value of £ 7 1 y fc (/(.T))(T) does not depend on the choice of 7 under the condition e* 7 E Sd 
due to Cauchy formula. 

Proposition 7 Let f be a function satisfying the properties in Definition^ and 5 > 0. Then, 
for every a > 0 one has 


TC7 ^Ki /k mm = ^ 1/k { {q y k) Zy- m «r k m) cn, 

for every T E 1Z g n D( 0, 77), where 0 < 77 < q^^ a ^ k /2. 

We are also making use of Fourier transform and some of its properties, in the spirit of mm- 

Proposition 8 Take p, > l,/3 > 0 and let f E E/p^y The inverse Fourier transform is defined 
by 

1 




f(m ) exp (ixm) dm, 


(2vr) 1 /2 J_ c 

for i6l, which can be extended to an analytic function on the strip 

(20) Hp = {z E C : |S(z)| < 0}. 

Let <j)(m) = imf(m ) E Em^y. Then, we have 

( 21 ) d z F-\f){z) = F~ 1 mz), 

for every z E Hp. 

Let g E E^p^ and let ip(m) = * 1/2 (/ * g){m), the convolution product of f and g, for all 

m E M. A direct application of Proposition [|] when choosing b = R = Q = 1 allow us to affirm 
that the function is an element of E^p^. Moreover, we have 

(22) F-\f){z)F-\g){z) = F~\^){z), 
for every z E Hp. 
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4 Formal and analytic solutions to an auxiliary convolution prob¬ 
lem 


Let 1 < k\ < k 2 and D > 3 be integer numbers. Let k > 0 be defined by 


(23) 


i _ i 1 

k k\ k 2 


We also take q £ M, q > 1 and assume that for every 1 < £ < D — 1, Ig stands for a finite 
nonempty set of nonnegative integers. 

Let do > 1 be an integer. For every 1 < £ < D — 1, we consider an integer 5g > 1 and for 
each A £ Ig, we choose integers d\,g > 1 , A \,g > 0. In addition to that, we make the assumption 
that 


c>i = 1, Sg < Sg +1 , 


for every 1 < £ < D — 1. 

We make the hypotheses 

(24) A \ g > d\ g , + 1 > Sg, — -f- 1 > Sg 

k 2 k-2 

for every 1 < £ < D — 1 and all A £ Ig. Let Q, Rg £ C[X], 1 < £ < D, with 

(25) deg(Q) > deg(R D ) > deg(Rg), Q(im) ^ 0, R D (im) ^ 0, 


for all 1 < £ < D — 1 and m £ M. For every 1 < £ < D — 1 and all A £ J^, we choose the function 
to C\ : g(m,,e) in the space Em^ for some (3 > 0 and p > deg(i?£>) + 1- In addition to that, 
we assume all these functions depend holomorphically on e £ D( 0, eo) for some eo > 0, and also 
the existence of a positive constant C\j such that 


(26) 


||C'A^(^,e)ll (/ 3, j u ) < ,g. 


for every e £ 14(0,eo). 

Let F(T, to, e) = Yl n >o E n (rn, e)T n be a formal power series in T with coefficients in E 
which depend holomorphically on e £ 14(0,eo). 

We assume the formal power series Bq i/^ (F(T, to, e))(r) £ £'( ; 3. /t )[[r]], which depends holo¬ 
morphically on e £ 14(0, eo). Moreover, we assume uniform bounds on the perturbation param¬ 
eter in the domain of convergence. More precisely, we assume there exists Cp > 0, which does 
not depend on e £ D( 0, eo), such that 


(27) 


n(n — 1) 

E n {m,e )|| (/3iM) < C F p~ n q 2fc i 


The nature of (F(T, m, e))(r) allow us to affirm that this function can be extended to 

an unbounded sector of bisecting direction d, say U c i, under q —exponential bounds of k\ type. 
Again, we assume uniformity on the bounds for the perturbation parameter in the sense that, 
if we denote this extension by ipkn then one has that 


e~P l m l /fciloe It+ dl A 

(28) I (t, m , e )| < C A _ (1 + H) „ exp ( 21oj j fa) + a log |r + «|) , 

for some > 0, r £ Ud U 14(0, p) and m £ M, valid for all e £ D( 0, eo). 
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We consider the equation 


£d_|_i 

Q(im)a q U(T,m,e) = T dD a q 2 RD(im)U(T,m,e ) 


(29) 

D—l 


+ 22 ( ^2T dx ’ e e Ax ’ e dx ’ e 1 /2 f C X /(m - m 1 ,e)R l (iini)U(q 5e T,ini,e)dm 1 \ + a q F(T,m,e). 

e=i \xei f J_oo / 


f=i \AeL 
Proposition 9 Let Uy, G ^(p,n) f or 


h G < 0,1,max{ max d\/7,dni>, 
\ L i<^<D-i,Ae/f ’ J J 


depending holomorphically on e G D(0,eo). Then, there exists a unique formal power series 
U(T,m,e) = X)n>o U n (m, e)T n G which solves (29). The elements U n depend holo¬ 

morphically on e G L>(0, eo). 


Proof A formal power series U(T,m,e ) = '}2 n >QU n ( y m,e)T n provides a formal solution of (29) 
if its coefficients satisfy the recursion formula 

(30) Q(im)U n (m,e)q n = R D (im)U n _ dD (m,e)q( k 2 +1 ) (n do) 

D 1 -i f‘OC 

+ 22^2 € a a ,i-dx,i q (n-d, Kl )8 t / <7 v ( m _ mi, e)R i (im l )U n ^ dx t (mi, e)dmi 

f=i Ae/ C [Zn) J ~°° 

+ F n (m, e)q n , 

for every e G L>(0,eo), and m G M. Holomophicity of U n (m, e) for every n > 0 comes from the 
previous recursion formula and assumption (24). Moreover, regarding Proposition [2] together 
with assumption (25), and Lemma [2] one derives U n (m,e ) G for every n > 0. □ 

As it was explained in the introduction, a procedure of Borel-Laplace summation on the 
perturbation parameter is not valid in this framework from the growth nature of the source and 
the nature of the singularities associated to the equation in e. This phenomena is treated in 
in two steps: a first step in which Borel-Laplece summation procedure provides a holomorphic 
solution with too large growth at infinity so that Laplace transform is not available; and a second 
step, solving this difficulty, by means of an acceleration operator. 

4.1 Analytic solutions for an auxiliary problem arising from the action of the 
formal q— Borel transform of order k\ 

We commence with the first step in the procedure to follow. For that purpose, we multiply both 
sides of equation (29) by T kl to get 




Q(im)T kl a q U{T,m,e ) = T d ° +kl a q 2 R D {im)U{T,m,e ) 


^2 _^ / _ i roo 

+ 22 ^2 T dx ’ t+kl e Ax ’ e ~ dx ’ i / Cx,i(m-m 1 ,e)Ri(im 1 )U(q Se T,mi,e)dm 1 

e=i \a ei f J -°° 


(31) 


+ T kl <r q F(T,m,e). 
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By applying the formal q— Borel transform of order k\ at both sides of the quation (31) and 
bearing in mind the identity described in Proposition [6j we arrive at 


Q{im) 


D -1 


r k\ 


(gl/fcl)fcl(fcl-l)/2 


w kl (r, m, e) = 


T 


dn+ki 


_ a d D/ K R D (i m ) Wki (r 5 e) 


+ E E 


£=1 \\£l e 


e ^\,e-d\^ T dx : e+k i 
^gl/fel^(^A,<+^l)(^A/+fcl—l )/ 2 


(ql/ki ^{dB+ki){do+ki — 1)/2 9 

(Cx/(m, e) * Rt w kl (r, m, e)) 


0i 


1 


(2vr)V2 


(32) 


r fcl 


+ 


-,il>kA T ,m,e). 


( g l/fei)fci(fei-l)/2 

Here, we have put 

(33) w kl (r,m,e ) := B q . 1/kl (U(T,m, e))(r), ip kl (T,m,e) := B q . 1/kl (F(T, m, e))(r). 

The main aim of this section is to prove that w kl is indeed a holomorphic function in a 
neighborhood of the origin in the variable r, with values in , and holomorphic with respect 
to the perturbation parameter e. Moreover, can be extended in t variable to an infinite 
sector under q— exponential growth of k type. 

A fix point theorem in an appropriate Banach space is studied. 

Proposition 10 Let w > 0. Under the hypotheses made at the beginning of Section [7] on the 
functions involved in the construction of the equation (32), if Rd o,nd Q are chosen so that 
sup mgR is small enough, and there exist small enough positive constants and 

for every 1 < l < D — 1 and all A G R with 


(34) 


c \,i < C\,e, C^ ki < (ip ki , 


then the equation (32) admits a unique solution (r, m, e) in the space Exp^ K ^ ^ a ^ such that 
( r , m , e )ll( K /3 ii a p ) — w f or ever y e £ £>(0,eo). Moreover, this function is holomorphic with 
respect to e in D( 0,eo). 

Proof Let e 6 D( 0, eo). 

Let hOf 1 be the map defined by 




D—l 


+ E Et^ 




1=1 \\£l e 


(qi/ki\(d\,e+ki)(d\ i e+ki—i)/2 


T a 


(27T) 1 / 2 Q(im 


+ 


■ (C\ t e(m, e) * Rt w kl (r, m, e)) 


Q{im 


-tp kl (T,m,e) 


Let w > 0 and w{r,m) € ExpJ^^^ with \\w(t, m)\\ {KA ^ a p) < w. 

Taking into account (25) one can apply Lemma [2j and from Proposition [I] one gets 


(35) 


RniFff) d D -d D / K t m) 
Q(im ) q 1 ’ j 




< C 2 C RdQ \\w[r,m)\\ {KAlxap) < C 2 C RdQ w , 
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for some C 2 > 0, and where Cr d q = sup mgK \Rr){im)\/\Q{im)\. Let 1 < i < D — 1 and A G Ig. 
Bearing in mind (24) and from Proposition [I] and Proposition [3] we have 


r d X,l , i 

e ^x,e-d\,e T dx,e a ^ k i _ 1 


Q(im 


e) * Re w kl (r,m,e)) 


C,/3,p,,a,p) 


< C 2 C*4*- d} * \\C x/ (m,e)\\ {M ||u,(r, m)\\ {K ,p m) < C 2 C^~ d ^C^w 
(36) 

< C 2 C 3 eo X ’ l ~ dx ’ e ( x/ w, 


for every 1 < i < D — 1 and all A G Ii . We recall C\ t is defined in (26). 

The polynomial Q satisfies that Q(im ) Z 0 for all m G M. This entails that \Q(im)\ > Cq 
for every m G M, for some Cq > 0. We depart from i/j kl G Exp^ fci p pa C ExpZ p pa p y where 
the inclusion is a continuous map. Then, 


(37) 


1 


-ip kl (T,m,e) 


< ^~ ||V’fc 1 (T,m,e)|| ( p } < -^-<7^ < 

( k ,/3 , M ,a, P ) C Q ; C Q C Q 


Q(im 

Regarding p5[ ), (|36j)and (|37j), we get 

!ql/k 1 \k 1 (k 1 -l)/2 

W ‘‘ ( ”’ (T ' m)) (« Aw) - 

, vV 1 rr , i, 

(27r)V 2 Cq^ 1 

Now, we choose Cr d q, Z fc| and Ca/ for every 1 < t < D — 1 and A G Z such that 

(^l/fcl )fcl (fci —1)/2 

V^ 1 € Q A,f (gJ-Zfcl )fc 1 (fcl~ 1 )/2 1 , J_> < 

+ 2-, Z-, ( 9 i/fci)(dA,/+fci)(d Al/ +fci-i)/2 ^vr) 1 / 2 ^ 2 ^ 3 ^ + Cq^ 1 - 

One derives that the operator T-L Z maps D(0,w) C Exp ^ K p pc . into itself. Let wl. , wZ G 

ExpZ R „ „ s, with ||ur? II, s < ZJ7 for 7 = 1, 2. 

r(K,p,p,,a,p) > || fei ll(re,/3,/i,«,p) — J ’ 

Analogous estimates as before allow us to prove that 

(K,p,p.,a,p) 

/^C 2 C RdQu lf , 2 , 

(g l/fc 1 )(d g+ fc 1 )(d c+ fc 1 -l)/2 lFfci( r ’ m ) - w fei (T m )|| (lt>y 3 j/i!aj p) 

3-1 e ^^- d A,^ g l/fei^i(fei-l)/2 

£=1 Ae/f w > 

We choose Cr d q and for every 1 < t < D — 1 and A G/f such that 


< 


+ E E ( °i/ta)fe..+h)M»+fa-D/2 ( 2T )W C ^^K(n«) - 


( 1 q 1 /ki'j(d D +ki)(d D +ki-l)/2 (qi/ki'j(dx i e+k 1 )(dx,e+k 1 -l)/2 2 — 2 ’ 
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and conclude that 

(wjfei (t™)) - ( W fci (t "0) 


(K,/3,ii,a,p) 


< g ||<(r,m)) -<(r,m)||( KAMjQ p ) . 


The closed disc D(0, tu) C Exp^. p p ) is a complete metric space for the norm ||- ||( K ^ p a 
Then, the operator TL^ 1 is a contractive map from D(0,w) into itself. The classical contractive 
mapping theorem states the existence of a unique fixed point, say w kl {r, m, e). Holomorphy of 
wf^ (r, m, e) with respect to e is guaranteed by construction, and also one has (r, m, e) is a 
solution of (32). □ 

The next step consists on studying the solutions of a second auxiliary problem, derived from 


(29). Its solution is linked to that of (32) by means of some appropriate q —Laplace transform 

owing results is to 
coincides with the 


which plays the role of an acceleration operator. The main aim of the following results is to 
conclude that the acceleration of the function w ( j^ obtained in Proposition 
analytic solution of the novel auxiliary equation under study. 

We first establish an accelerator-like result on the function if kl , defined in (33). 

Lemma 5 Let 5 > 0. The function 

V’An (u, m, e) du 


(38) 


T ipk 2 (T,m,e) := C d 1/K {h if kl (h,m,e))(T) = —— / 

' ^ i /K J L 


qH- J L d (“) u 


is analytic in the set TZ d y Moreover, the function ( r,m ) H > ifk 2 ( T > m , e) is continuous for m G M 
and t G lZ d and depends holomorphically on e G D(0,eo). Moreover, there exist C^ k > 0 and 
i/GK such that 

(39) |V’fe 2 (r,m,e)| < C'^ 2 e _/3|m l(l + |m|)"^exp + z/log |r|V 

for every r G lZ d j,mGK and e G D(0, eo) • 


Proof We first rewrite (28). 

Direct calculations allow us to affirm the existence of a constant C41, only depending on 6 , 
such that 


h log \t + <5| 
2 log (9) 


+ a log |t + <5| < 


k\ log |rj 
21og(g) 


+ a log |r| + C41, 


for every r G 5j. This entails (28) can be rewritten in the form 

e~ 


(40) 


S -P\m\ 


1*=, (t. m,t)\ < (1 + |m|) „ exp (^^J- + a log |r 


k\ log 2 |t| 


for some constant C$ k > 0. We recall that k\ < k (see (23)) so that 

" k log 2 | r 


(41) 


e -p\m\ 

IV^i (r, m, e)| < (1 + |m|)p exp 


21og(g) 


+ Q log | T 


This remains valid for all e G D{ 0, eo), r G Ud and m G M. Moreover, for every r G D( 0, p), the 
functions log 2 |r + <5| and log |t + <5| are upper bounded. As a consequence, there exists Cy, fc > 0 
such that 


(42) 


IV’fciC 7 ") m, e)| < C^ ki , 
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for every e E Z?(0,eo), r E D(0,p) and m E M. In view of (42) and (41) one can follow the 
construction described in Definition [5] in order to affirm that ipk 2 is well-defined as considered 
in (38). More precisely, given 5 > 0, (r, m,e) e->- ipk 2 (r, m,e) turns out to be a continuous and 
bounded function defined in (lZ d $ D D( 0, ri)) x 1 x D(0, eo) for any 0 < r\ < q( 1 / 2 ~ a )/ K / 2 , and 
holomorphic with respect to r variable in 'R- dd D D(0, n). In addition to that, from (40) and 
© one has 


^■i/ K ( h ^ V’fci(/i,m,e))(r) 


'ip kl (u,m,e) du 


(43) 


< 


V/» ^ 0 g 1 / K (“) U 

^e-^nirl 1 / 2 /■» /log 2 (r) 


(1 + ImD^Cg^Tr 1/ 


6 /■ - 

i/k Jo 


exp 


21 og(g) 


+ a log(r' 


1 


dr 


exp 


K Iog2 ( H ) 

2 log(q) 


, 1/2 


for every r such that 


1 + *V 


> h for all r > 0, m E M and e E D(0, eo). One has 


a- 3/2 pvn f _ Klog 2 (r/|r|) ^ = ^- 3 / 2 +^M 


exp 


21 og(g) 2 log(q) 


exp 


(k — fci) log 2 (r) At log 2 | r | 


This last equality and (43) allow us to write 


£j;l/f t (V’*a(^ m > e ))(' r ) 


C^e-^HMi / 2 

< - 1 -~-exp 


(44) 


(1 + \m\yC qjK 5TT q i/. 

f°° a 3/21 ' tl ° s|r| 

I r lo g(?) 


exp 


21 og(g) 


n log“ |r| 
21 og(?) 

(k ~ fci)log 2 (r) 
2 log ( 9 ) 


21 og(?) 


dr. 


Let t be chosen as above. We put m\ = a — 3/2 + mil = mi + 1/2, 77742 = mi + 2 

and m 2 = 217 ^)’ and study 

C°° 9 /*1 1 9 7*00 1 

/ r m l e ~ m 2 log 2 (r)^ r _ / 1 r mn c -m2ior(r) ( j r | / _ r mi2g-m2 log 2 (r)^ r 

7o 7o r 1 / 2 Ji r 2 

For j = 1,2, the function x 1 —>■ hj(x ) = x m o exp (—m 2 log 2 (x)) attains its maximum value 

771"^ 

for x E [0,oo) at Xjo = ex P(^y)- One has h(xjo) = exp(^|). Direct calculations show the 
existence of real constants C 42 , C 43 , with C 42 > 0 , only depending on k\, k 2 , q, such that 


/» OO 

/ r mi e- m2log2(r) dr < C 42 |r | C43 

Jo 


exp 


AC 2 log 2 |t| 


Hence, (44) is estimated from above by 
CV g-/9| m || T | 1 / 2 +C43 

Cjj — orny— exp 

for some C 44 > 0 only depending on k\,k 2 ,q 
Then, (39) follows from the fact that 


21og(g)(AC - fci) 

At log 2 |t| ^ f A7 2 log 2 |r 

21 og(?) 


exp 


21og(<?)(AC - hi) 


— K + 


k — k] 


= k 2 , 


and by taking v = 1/2 + C 43 . 


□ 
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4.2 Analytic solutions for an auxiliary problem arising from the action of the 
formal q— Borel transform of order fc 2 

In the previous section, we have studied the problem arisen from the application of the formal 


q —Borel transform of order k\ to the equation (29). As a second step, we study a second 


auxiliary equation coming from the application of the formal q— Borel transform of order fc 2 to 


the equation (29). 


For that purpose, we multiply at both sides of the equality (29) by T k2 to get 


4?+i. 


Q{im)T k2 a q U{T,m,e ) = T d ° +k2 a q 2 R D (im)U(T,m,e ) 

/ _ i roc 

+ T dx ’ e+k2 (Avi-A.i / C A ,£(m - m 1 ,e)Rt(im 1 )U(q Se T,mi,e)dm 1 

1=1 \\ei t J -°° 

(45) +T k2 a q F(T,m,e). 


We take formal q —Borel transform of order fc 2 at both sides of the previous equation. By 
means of the property held by formal q —Borel transform described in Proposicion [6j we get 


Q(im) 


D -1 


r^2 


( gl /&2 ^ fc 2 (^2 — I )/ 2 


rcfc 2 (r,m,e) = R D {im) 


T 


dn+k 2 


^ql/k2^(dn+k2)(d,D+k2—l)/2 


Wk 2 (r,m,e ) 


+ E E 


1=1 \\£l e 


e ^\,e-dx,e T d\^+k 2 

^ql/k2\(dx,e+k2)(dx,e+k2—l)/2 


cr a 


1 

kn 


(2vr)V2 


(^(771,6) * Rl w k2 (r,m,e)) 


(46) 


r fc 2 


+ 


(ql/k 2 \k 2 {k2-l)/2 


Tpk 2 ( T ,m,e), 


where 


w k2 (r,m,e) := B q . 1/k2 (U(T,m,e))(r), ^ fc2 (r,m,e) := B q . 1/k2 {F(T,m, e))(r). 


It is worth mentioning that we have assumed a q —Gevrey growth of order k± related to 
the elements (F n (m, e)) n >o (see ©)• From the fact that fc 2 > k \, one can only affirm that 
iji k2 (r, m, e) is a formal power series in r, with coefficients in the space Erp^y This point is 
crucial to understand the cause of coming up to two different q— Borel-Laplace transformations 
to attain our aims. 

We now proceed to substitute this formal element by an acceleration of i/i kl , named t/^, 
constructed in Lemma [5] and solve the equation arising from this substitution. Heuristically 
speaking, an excessive type of growth in the transformation of length /c 2 is reduced in two steps: 
a first one related to k± (k\ < /c 2 ) and a second step accelerating up to fc 2 . The splitting of the 
problem would help us to attain convergence. 

Following this plan, we now consider the equation (46) in which ip k2 is substituted by ip k2 
constructed in Lemma [5] Namely, we study the equation 
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jki T do+k2 

^ im \ q l/k 2) k 2 (k 2 -l)/2 W ^ m ^) = R D( im ) {q l/k 2 y dD+ k 2KdD+ k^l)/2 W ^ m > £ ) 


D—l 


+ £ £ 


£=i \ Ae/^ 


e ^x,i—d\,e T d\ : e+k 2 
(gl/fc2^( d A^+ fc 2)(<iA,£+ fc 2-l)/2 


0-„ 


A I i_ 1 


(27T) 1 / 2 


(C\/(m,e) * Re w k2 (T,m,e )) 


(47) 


r fc 2 


+ (,l/fe ) b(fc,-l)/2 fc( T -’”- C >- 

We now make this assumptions on 7 ?d and Q. Let Pq,r d > 0 and d,Q } R D E M such that 


(48) 


Q{im) 


e Sq,r d , m E M, 


Rf)(im) 

where SQ t R D is the unbounded set 

'Sg.flr, = G C : |z| > tq,r d , | arg(z) - dg ifl J < Vq,r d } 
We consider the polynomial 


(49) 

and factorize it 

with 


Pm(r) = 


Q(im ) 


Roiim) 


(<?l/fc 2 )fc2(fc2-l)/2 ( g l/fe 2 ) 
Rniim) 


(d D +k 2 )(dp+k 2 -l) 

2 


4d _ 1 

. ( d r + ^;; y n+ . 2 -D n ( r - «m)» 

(g 1 ^ 2 ) § i=o 


«<m) = ( 


( d D+ fc 2)( d D+ fc 2 _1 ) —fc 2( fc 2 — !) 

2 


l/d D 


exp I f arg 


/ Q(im ) 
\R D (im) 


+ 


2nl 

dfj 


for every 0 < l < dp — 1. Moreover, we establish some conditions on SQ t R D with respect to 5^ 
and 77Indeed, let pi > 0 such that lZ h d C 74(0, pi) and assume 

1) There exists M\ > 0 such that 

(50) \t - qi(m)\> Mi(1 + \t\), 


for every 0 < l < dp — 1, all m E M and r 6 74(0, p\). Indeed, in view of (48) and 

(4.2), one may choose tqr d so that \qi(m)\ > 2p\ for every m E M, 0 < l < dp — 1. In 
addition to that, qe(m) is a root of P m {r). This entails 




( tj D+ fc 2 )( d D+ fc 2~ 1 )~ fc 2( fc 2~ 1 ) 


for every m E M, in view of ( |48[ ). As a matter of fact, one can choose small enough t]q,r d 
so that every qe(m) lies in a finite family of infinite sectors with vertex at the origin and 
such that there exists d E M so that Sd does have empty intersection with all such infinite 
sectors. 

Under these assumptions, one can choose Sd under the property that qi(m)/T does not 
belong to some open disc centered at 1 for every 0 < l < djj — 1, t £ Sd and m E M. This 
configuration guarantees (50) is fulfilled. 
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2) There exists M 2 > 0 and Iq E {0 ,dp — 1} such that 
(51) |t - q £o {m)\ > M 2 \qi 0 (m)\, 

for every m£l and r £ Sd U D( 0, pi). Under assumption 1), we notice that for any fixed 
0 < Iq < dp — 1, the quotient r/® 0 (m) has positive distance to 1, for every r E 11(0, pi)USd, 


and m£l. This implies (51) for some small enough M 2 


Under the previous situation, one derives 


ip M | > M d °-Hu _ IRd{wi)] _ ( |Q(im)| 1/dD 

1 m(rj| - 1 2 (g i/ fc2) ^±^±^ Vi R D (im)r 


(52) 


X (1 + \T\) d °- 1 > C P {r Q , RD f/ dD \R D {im)\{l + IrD^-i, 


for some positive constant Cp, valid for every r E D( 0, pi) U Sd and m E M. 

Let 1Z b d be a bounded sector with vertex at 0 and bisecting direction d. We assume 7Z b d C 

-0(0,pi). 

Proposition 11 Let w > 0. Under the hypotheses made at the beginning of Section [7] on the 
elements involved in the construction of equation (fl), under assumptions 1) and 2) above, if 
there exist small enough positive constants (, C\,e for 1 < l < D — 1 and A E Lg such that 


(53) 


C\,e < Cx,e C^ k < , 


then, for every e E 11(0,eo), the equation (fl) admits a unique solution w d o (r,m, e) in the space 


^ x P(k 2 p u v)’ f or v ^ determined in (39). Moreover, ||u;^ 2 (r, m, e)|L ^ M ^ < ro, and this 
function is holomorphic with respect to e in 11(0, eo). 


Proof 


We recall C\^ and C^ k are stated in (26) and (39) respectively. 


Let e G H(0, eo). We consider the map R £ 2 defined by 
D—l ( 


r d \,l , 
e fc 2 ^ 


H £ 2 (w(T,m)) : XJ 5Z ( 9 i/fca)(dA,/+fc 2 )(dA^+*a-l )/2 ( 27 T) 1 / 2 


e) w(T,m )) 


(54) 


+ ( g i/fe2)fc 2 (fc2-i)/2 P m (r)^ fc ^ r,m ’^' 


Let tu > 0, and take ru(r, m) G Exp^, 2 p ^v) with ||tc(r, m)|L fe2 ^ ^ ^ < ro. For every 1 < £ < 
H — 1 and X e Ie we write 




e~A, t 

-T d ^a q k2 


Pm{r) 


( C\,e(m,e ) * R,! w{r,m )) 


( 55 ) 


d A , f Cp(r Q) R D ) l/dD R D {im) 


1 


Cp{rQ t R D ) 1 l d D 


Pm(r) 


T 1 UV, 


Rniim] 


( C x ,i{m,e ) w(t, m)) 
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In view of the properties described at the beginning of Section[f] one can apply Proposition [5] 
to obtain that 
(56) 

<C^\\C x 4 {M \\w{T,m)\\ {k2A ^ v) <C 3 C X /w, 


Rf)(im) 


(C X /(m,e) * Re w(t, m)) 


(k 2 ,/3,ii,u) 


for some C 3 > 0, valid for every 1 < £ < D — 1 and all A € Ip. Let 71 in Proposition [ 4 ] be the 


value do — 1 and put a 7l (r) := Cpl '- ,Q - R D^ _ From 

for every rGSjU lZ b d and m € M. In addition to this, and bearing in mind (24), one can apply 
Proposition [4] to conclude that 

C P (r QtRD ) l l d nR D {im) dx Si-Q-i 1 , , , Rt , o 

P m (r) T aq R D (im) [CxAm ’ e} W ^ m) > 


(52) one has «7i(j)l < (1+lr 1 )^ 


( k 2 ,/3,fj,,u ) 


is upper bounded by 

c 2 1 


Ro(irn] 


(C\ ; e(m,e) * Rl w(T,m )) 


< C2C3Cx.pza < C2C3Cxitv. 


(k 2 ,/3,fj.,v) 


We observe that, without loss of generality, one can assume that Sd C TZ d g. 

Furthermore, as a consequence of (52) and (53), and taking into account that 1(1 k 2 £ Exp^ 2 ^ ^ a 
in view of (39), one has 


1 


< 


Pm(r r K2 

1 


V>fe 2 (r,m,e) 


< 


1 


1 


(fc 2 ,/W) Cp{rQ,R D ) 1/dD met \RD(im)\ 
sup — —— C,/„_ < 


( r , m, e) 


\(k 2 ,f3,pi,v) 


Cp(rQ : p D ) 1 / dD mgi Cp(rQ t R D ) 1 / dD mG M |.Rd(*?t ^)|^* 2 


The previous estimates allow us to affirm that 

C 2 C 3 




D -1 


< 


(fc 2 ,/W) ' C , p(r QiJ j D ) 1 /du(2 7 r) 1 /2 t:U ^ ^ ( g i/fe 2 )(dA,f+fc2)(rfA/+fc2-i)/2 


EE 


Ca,^o 


1 


1 


1 


+ (g iA 2) fefe-i)/2 Cp(rQiJ?D) i/4 S \R D (im )& k2 ' 
We choose , Ca,£ for every 1 < £ < IA — 1 and X & Ip such that 


D-l 


ay a, /• 1 

C / 2C / 3 l>A/ e o < 1 

Cp{rQ ) R D ) 1 / d ’ D (27T) 1 / 2 ^ ^ (gl/fc 2 )(<iA,£+fe2)(<iA,£+fc2-l)/2 


- 2 ’ 


1 1 1 ^ vo 

{q ilk 2) k 2 {k 2 -i)/2 Cp{rQRD) il dD ^\R D (im)\^ ~ 2‘ 


This 


is yields \\'He 2 (w(r,m ))\\^ k2 ^ ^ ^ < w. The operator R ^ 2 (w(r, m)) maps D(0,w) 


C 


Ex P(fc 2 ,/3pp) into itself ' Let KK G Ex P(fc 2 ,/3pp)’ with IK 2 II ( Kl/W ) < for 3 = 


= 1 , 2 . 
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Following analogous calculations as before we arrive at 
« (T, m)) - H k e 2 (wL (r, m)) 


(k2,/3,ii,v) 


< 


ChO, 


^ql/k2\(d\ t e+k2){d\ 7 i+k2— 1)/2 


C'p(rQ,i? D ) 1 / dD (27r) 1 /2 ^ Ag/ ^ 

We choose Ca,£ for every 1 < 1 < 11 — 1 and A G 1^ such that 

C 2 C 3 


D -1 


> A\e—dxf 1 

y \ ^_ Ca^cq _ < 1 

Cp(rQ R D y/ dD (2-7T) 1 / 2 (g 1 / fc 2)( d A,/+fc2)(dA,i+fe2-l)/2 


- 2 ’ 


and conclude 


K k2 (wL (r, m)) - (wL (r, m)) 




The closed disc 11(0, tu) C Exp^ ^ ^ n is a complete metric space for the norm ||-||( fc ,, p p u y 
The previous reasonings derive into the conclusion that the operator 7~L k2 is a contractive map 
from D( 0, w) into itself. The classical contractive mapping theorem states the existence of a 
unique fixed point, say w d 2 (r, m, e). Moreover, w d (r, m, e) is a solution of (47) and also holo- 
morphy of w d (r, m, e) with respect to e is attained by construction. □ 


tion 


The next result provides the link between the acceleration of w k) , obtained in Proposi- 
and w d 2 determined in Proposition |ll|lndeed, we prove they coincide as elements in an 


10 


appropriate Banach space. 

Proposition 12 Let us consider the function wf t (r, rn, e) constructed in Proposition\lC ?[ solu¬ 


tion of (32). For every 6 > 0, the function 




T ^ (T m, e)) := C d l/K (h^ w d kl (h, m, e)) (r) = —[ 

v ' TU/* lL 


1 f U) d (h, m, e) du 


_ _fci 

I? 1 /" J Ld. E q 


L d ©,i/« (“) 


defines a bounded holomorphic function in TZ (ld n 11(0, ri), with 0 < ?q < q fo “)/ K /2 (we recall 
a 6 1 is yiied at t/ie beginning of Section [^]). Moreover, for every e G 11(0,eo), the identity 

(57) ^g ;1/ / t ( u ’fc 1 )( r , m , e ) = w d 2 {r,m,e) 

holds for t G S d , m G M and e G 11(0, eo), where p > 0 and is a /mite sector of bisecting 
direction d. 

Proof We recall w ki G Exp^ p pa p y which implies there exists C^, > 0 such that 

IKi ( r > "b e ) 11 (^) ^ ^ ex P ( ^lol^ 1 + « lo § I T + 5 1) ’ 

for every r G H(0, p)Ut/d, e G H(0, eo). Direct calculations entail the existence of C^, , C^, > 0 

such that 

||<(Dm,e)|| ( ^ /i) <Cl ki , 
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for every r £ D(0,p), and 


\ w b(T,m,e)\\ {M <(7^ exp 


/dog |t| 
2 log((/) 


+ a log |t| 


for every r £ U d with |r| > p. Definition [ 5 ] and Lemma [d] guarantee that for every 8 > 0 
the function m, e)) defines a bounded holomorphic function in TZ dd n D(0,ri) for 

0 < r\ < 2 _a )/ K / 2 ) and values in the space 


We now give proof of the identity (57). For this purpose, we consider equation (32) satisfied 
by t (t, m, e) and divide both sides by r kl . One has 


Q(im ) 


D—l 


r dn 


= (gl/fcl y dD i kl)[dD+kl - l)/2 cr q d ^ K R D (im)w a kl (r, m, e) 




^\,e—dx : e T <ix,e 


1=1 \\£l e 


^(d A ^+fci)(d A! £+fci-l)/2 




1 


(2vr) 1 /2 


(C x ,e{m,e) * Re u/^(r,m,e)) 


(58) 


+ 


(gl/fcl )fcl(fcl-l)/2 ^ ( T ’ m ’ ^ ' 


We now take q —Laplace transform of order k and direction d at both sides of (58). In view 
of Proposition [7J one has 

(59) C d 1/K (r dD a- dD/ '‘wi l (T,m, e)) = (,V.)W»-i)W tl/< (<(T,m, e)). 

For every 1 < l < D — 1 and A £ Ig, and also 


£ 


g;l/K 


fel (C x ,e{m, e) (r, m, e)) 


(60) = (q 1 / K ) d >A d ^ 1 )/ 2 T d x,e aq k * + ‘ C^. l/K (C x ,e(m, e) * R( (r, m, e)). 

We now proceed to justify the change in the order of integration in the expression 

/ K ( c \A m , e ) * Re ^fc!(r,m,e)). 

For every mi £ M and r > 0 we define the function 

C\^(m - mi)R e (imi)wt (re* d ,mi,e) 

(mi,r) 1 -^ s(mi,r) :=- - 1 —-r-, 

(^) r 

for r £ 1Z (1 j- n D( 0, ri), m £ M and e £ _D(0, eo). 

Taking into account (26), Proposition [To] and © , one has 


\E(m.i,r)\ < 


( Av -\~ 5 \ 1 ■ j 

2Iog(g) + al °g l re ' 


(7 9A (1 + |m - mi|)^(1 + |mi|)^ r 3 / 2 <5 


exp 


«log 2 (^) 

21og(g) 
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for mi G R, r > 0. 


Integrability follows from identically reasoning as that were applied at (14) regarding inte- 


grability with respect to variable mi, and the next estimates on the expression 

^i5s!i^±fl + Q l 0g | re « + { |) 


(61) 


exp 


r 3/2 eX p 


ttlog 2 ^) 

2 log(q) 


On one hand, if r > p, then (61) is upper bounded by 

; log 2 (r + 5) Klog (jrf) 


r _3 / 2 (r + S) c 


exp 


2 log(g) 


2 log(g) 


- Kl ° 8 2 . lt.l o/n , /fi)(log 2 (r + 5) — log 2 (r)) Klog(r) log Irl 

= e 2 iog ( n r - 3 / 2 ( r + ,$) a exp ( v , N — + 


2 log(g) log(g) 

There exists C 51 > 0 such that log 2 (r + 5) — log 2 (r) < C 51 for every r > p, and under the 
assumption that |r| < r±, the term r~ 3 / 2 (r + 5) a ex P ( U ° ^ u PP er bounded by r 

This yields integrability of (61) with reset to r. 

K log2 (Trf ) 


-2 


On the other hand, if 0 < r < p, (61) is upper estimated by C 52 ?" 3 / 2 exp 

'rclog(p) log |r| 


2 log(g) 


for some C 52 > 0. This function is rewritten in the form 


C 52 r 3/2 exp ( - 


Klog 2 (r) 

21 og(g) 


exp 


k log jrj 
21 og(g) 


exp 


log(g) 


which is integrable with respect to r, for r G [0, p]. 

The function E(mi, r) is integrable in 1 x [0, 00 ) for r G TZ d g O D(0,r\), m G R and 
e G -D(0, eo). One can apply Fubini’s Theorem to conclude that 


(62) 


£ d q p/ K ( C \* Re * Re m, e), 


r G 1Z d g 0 D( 0, ri), mGl and e G D( 0, eo). 


By means of (59), (60), (62) and rt38| one obtains that (58) is transformed from the appli¬ 


cation of q —Laplace transform of order k along direction d into 

jC 0-l/ K ( W fc 1 )( T ’ m ’e) I l/K\d D (d D -l)/2 

<?(”") (,(/*,1)/2 = („!/), )(J+t 1 )(d J+t ,-l)/2 T ' "»■ 0 


D—l 


( 




^_, _, f ^\,e—d\^( n l/K\dx,i(dx : £—l)/2 dx,i a k 2 

+ ( q l/k 1 yd x , e + k 1 )(d xd +k 1 -l)/2 (27t)V 2 (C*A^ ^g;l/«( U; fc 1 )( T ) m > e )) 


( 63 ) 


1 


+ (g l/ fcl)fcl(fcl -l)/2 ^( T -^ e )- 

We multiply both sides of the equation by T k 2 (qi/ki^k 1 (k 1 -i)/ 2 ^i/k 2 j-fc 2 (fc 2 -i )/2 
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Q(im ) 


r<!2£ g;i/ic( w fc 1 )( r > m » 

(qL/k2\ki(k2—l)/2 


A(ki, k 2 , k, di))r cZD+fe2 i? D (im)£g ;1/K (w;fc 1 )(T, m, 


D -1 


/ 


-^+5,-1 
2 


+ X] X! ^ dx ’ eB ( k h fc 2 , K, dA,<)- u/2 -e) £ji /Jw^t, m, e)) 

£=i ^Ae/ 4 ^ 


(64) 


where 


and 


r fc 2 


+ — 


A(k 1 ,k 2 ,n,d D ) = 
B(ki,k 2 ,K,dx,e)- 


(gl/fe2^fe2(fe2 —1)/2 

^l/fei^fci(fci-l)/2/gl/K\d£)(dD —1)/2 
(gl/felfoffe — l)/2(gl/fci\(d D +fei)(<2 0 +fci—1)/2 ’ 

(gi/ fc l ) fc l (*=l —!)/2 ^l/K^A,<(rfA,£-l)/2 


i>k 2 (T,m,e), 


^ql/k2^k2(k2—l)/2fql/ki\(d\ t i+ki)(d\'£+ki—l)/2 ’ 

for every 1 < £ < D — land A 6 if. 

Usual estimates allow us to prove that 

A(*:i, k 2 , k, d D ) = (g 1 / fe 2)-(^+fe 2 )(di3+fe2-i)/2 ) B(k 1 ,k 2 , k, d x ,e) = (q 1 /k 2 )-^+ k A(d x ,t+k 2 -i)/ 2 _ 

Taking these values into (|64h we observe that 


/ dD+fe£ J;l/ K K)( T . m . 

Q{im) - / iA.^wi..-iW 9 - = RD{im)- 


D -1 


/ 


(ql/k 2 \k 2 (k 2 —l )/2 
£&x,i—d\ 1 e T d\ i e+k 2( j 


(^qt/k 2 ^(dr>+k 2 ){dr)+k 2 — l)/2 


i x,e 


' _ a\,t T a\,l+K2(j "■2 1 

+ E E (g i /te) (d x .« +fa )fe,. +fa -i)/2 (2T) i/2 < c >.'( m ' e )'» ,£ »a/„K 1 )(n™,e)) 


(65) 


r^2 


+ 


(ql/k 2 ^k 2 (k 2 —l )/2 


^ fe2 (r,m,e). 


6 


recovering equation (47). This yields >C^. 1 y K (w^ i )(r, m, e) is a solution of (47), for (r, m, e) 
(77 d j n 77(0, n)) xlx 17(0, e 0 ). 

Let S d be a bounded sector of bisecting direction d such that S d C (1Z d g n 77(0, n)) n 
We recall this is always possible from the definition of 77 d g. One firstly observes that both, 
£^.i/ k (u^i)(t, m , e) and m, e) are continuous complex functions defined on S^xMx77(0, eo) 

and holomorphic with respect to r (resp. e) on S b d (resp. D( 0, eo)). This assertion can be checked 
when regarding wf 2 (T,m, e) in Proposition 11 and for m, e) from the properties 

which are endowed by this function from w% (r, m, e) which were pointed out in Proposition 10 
Let e E 77(0, eo) and put Q = min{o;, ze}, where v is stated in Lemma [5j We dehne the aux¬ 
iliary Banach space TTrg^fc^n) consisting of all continuous complex functions (r. to) (->• h(r, m), 
defined on S d x M, holomorphic with respect to t variable in S d , such that 


t, m 


li7 (/3, M ,fe 2 ,n) 


:= sup (1 + |m|) M e' 
reS^meR 


H 


exp 


k 2 log 2 |t| 
2 log(g) 


— U log |r| ) | h(r, m)\ < oo. 
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We observe that, for every e G 74(0,eo), ^• 1 / K (' u; fe 1 )( r ) m, e) belongs to because 


sup 

re7 ^d,5 nZ) (°> r i) 


£' 


si/«(' u; fc 1 )(' r ’ 777,5 e > 


(Am) 


< oo. 


This implies the existence of positive constants B^ W1 ^,Cc{ wi ) such that 

4 , i/.KX’-.m.e) < B£(„oU + M)- , ‘e- 9W 


< Q<„.)(1 + exp ( ^H + ^ Log |^|) 


for allr G ,m G M. Also, w;^ 2 (r, m, e) belongs to 77)^ fe2 Q) in view of (11), and also ifk 2 { T i m i e ) 
belongs to taking into account (39). 

We conclude the proof of (57) by demonstrating that the operator defined in (54) 
admits a unique fixed point when restricted to the elements in certain closed disc in 77"^^ fc 2 m, 
whilst £g. 1 / K ( , u ; fc 1 )(i') m, e) and u^ 2 (r, m, e) are both fixed points belonging to that closed disc in 


For that purpose, one can state analogous results as Lemma [3j Proposition [4] and Proposi¬ 
tion [5] when considering the Banach space This result follows exact arguments as 

there, so we omit the details. One can reproduce the same steps as in the proof of Proposition [TT] 
to conclude that, if there exist small enough positive constants Q, fc and C\/ for 1 < l < D — 1 
and A G It such that (53) holds, then equation (47) admits a unique solution in the space 
Bearing in mind that £q.i/ K (w kl )(T,m,e) and wf 2 (r, m, e) both solve (47) and be¬ 
long to 74(0, zu) C i7( i g )(Uj fe 2i n), they both coincide in the domain 5jxlx 74( 0, eo), and the result 


follows. 


□ 


Corollary 1 Under the hypotheses made on Proposition\l£\ for every m G M and e G 74(0, eo), 
the function r e-x 74^ K (w ki (r,m, e)), holomorphic and bounded on the domain n 74(0, rq), 
can 6e analytically prolonged to an infinite sector of bisecting direction d, Sd, and there exists 
C Wk2 > 0 such that 


( 66 ) 




; i/«( u, fci( r > m > e )) ^^(i + H) /3H 


exp 


( k 2 log 2 


V 21 °g(<7) 


+ n log |t| 


for every r G Sd- Here, v is obtained in Lemma [5| In addition to that, the extension is 
continuous for (m, e) G M x 74(0, eo) and holomorphic with respect to e G 74(0, eo). 


5 Analytic solutions of a linear initial value Cauchy problem 

Let k \, k' 2 ,74 be positive integers such that k\ < k 2 and 74 > 3. Let k > 0 be defined by ( [23] ). 
Let with q > 1 and assume that for every 1 < ^ < 74 — 1, T^isa hnite nonempty subset 

of nonnegative integers. 

Let dp > 1 be an integer. For every 1<7<74 — 1, we consider an integer 5( > 1. In 
addition, for each A G In, we choose integers d\^ > 1 , A\j > 0. We make the assumption that 

(67) <h = 1, < 8t+\ , 

for every 1 < i < 74 — 1. 
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We assume that 

( 68 ) A\ e > d\e, + 1 > 5e, — - 1-1 > 6e 

K'2 k 2 

for every 1 < i < D — 1 and all A € If.- Let Q, Ri G C[X] with 

(69) deg(Q) > deg(i?D) > deg(i^), Q{im) / 0, R D (im) ^ 0, 

for all 1 < t < D — 1 and m G M. 

We require the existence of an unbounded sector 


Sq,r d = {z G C : \z\ > r QtRo , \ arg{z) - d Qi R D \ < Vq,r d } , 


for some rQ : R D ,r)Q t R D > 0, such that 


(70) 


Q{im) ^ G 

7~) / • \ ^ R d , 

KD(im) 


m£l. 


Definition 6 Let ? > 2 be an integer. Let £ p be an open sector with vertex at the origin and 
radius eo for every 0 < p < g — 1 and such that £j n 4 / 0 for every 0 < j, k < g — 1 if and 
only if | j — k\ < 1 (under the notation £ q := £q) and such that U^IIq £ v = U \ {0}, for some 
neighborhood of the origin, U. A family (£ p )o<p<?-i satisfying these properties is known as a 
good covering in C*. 

Definition 7 Let (£p)o<p<<r-i be a good covering in C*. Let T be an open bounded sector with 
vertex at 0 and radius r-y > 0. We make the assumption that 


(71) 0 < e 0 ,r T < 1, ^ + i 0 g( g ) lo s( r 7~) < °> a + L^(q) log ( e ° rr ) < °> e o r T < Q^ 2 ^ /k2 /2 

for v constructed in Lemma [5| 

We consider a family of unbounded sectors U 0p with bisecting direction d p G M and a family 
of open domains 77 0p := 77 0 j fl D( 0, eo r-y), where 


77, 


r 

p^p 

< T G C : 

1 + 

T 


> <5, for every r > 0 


We assume d p , 0 < p < g — 1, are chosen so that some conditions are satisfied. On order to 
enumerate them, we denote qe(m) the roots of the polynomial P m {r), defined in (49). We take 
an unbounded sector with vertex at 0 and bisecting direction Dp, Sq , 0 < p < g — 1; and we 
choose p > 0 such that: 


1) There exists M\ > 0 such that (50) holds for all m G M, r G UL(0, p), all 0 < p < g — 1 
and all 0 < l < djo — 1. 


£) There exists M 2 > 0 and 1 0 G {0, ...,do — 1} such that (51) holds for every m G M, 
r G 5o p U 77(0, p), and all 0 < p < g — 1. 

3) For every 0 < p < ? — 1 we Ziaue 77 0p n 77 0jj+1 / 0 ; and /or all t G T and e G we have 
that et G 77 0 . 77ere we have put 77 0 _ := 77 0Q . 
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The family {(IZq fi)o<p<<;-i, D(0, p),T} is said to be associated to the good covering (£ p )o< P <?-i- 

We consider a good covering (£ p )o<p<?-i and a family {(7H 0 j)o<p<?-ii 74(0, p), T} associated 
to it. For every 0 < p < g — lwe study the next initial value Cauchy problem 

7d +1 

— (c+\ d D„ k 2 


(72) 


Q(d z )a q u 0p (t,z,e ) = (et) aD a q 2 R D (d z )u 0p (t,z,e ) 

+ E (e **' ,£ 

£=] Vas/^ 


^a tt cx/{z,e)R i (d z )u T ' p (t,z,e) I + cr q f 0p (t, z,e). 


The operator a q acts on variable t. The coefficients c\f(z, e) with 1 < £ < D — 1 and A E If , 
and the forcing term / 5p (t, z, e) are constructed as follows. For every 1 < £ < D — 1 and A E If 
and every integer n > 0, we consider the functions m H > C\ t f(m, e) and m i->- F n (m, e) belonging 
to the space Etp^, for some (3 > 0 and p > deg(7tT>) +1. We assume all these functions depend 
holomorphically on e E 74(0,eo). Moreover, we assume there exist C\.f, Op > 0 such that (26) 
and (27) hold for all 1 < £ < D — 1, A E If, n > 0 and e E D{ 0, eo).Then, we put 

(73) c A ,f(z, e) = F~ l (m C\/(m, e))(z), 

which, for every 1 < £ < 74 — 1, A E If, defines a bounded holomorphic function on Hr/ xD( 0,e 0 ) 
for any 0 < /3 1 < f3. We assume the formal power series 

V'fci (T "b e) = ^ e ) 


n>0 


(q l / k i) 2 


which is convergent on the disc 74(0, p), can be analytically continued with respect to r as a 
function r i-)- ’ijpf’ (r, rn, e) on an infinite sector U 0p of bisecting direction t) p , and ^’(r, m, e) E 
Exp?f a ^ for some a > 0, and such that there exists (W > 0 with 


(74) 


^(r,m,e) 


— > 


' fel ' 

which does not depend on e E 74(0, eo). Lemma [5] guarantees the function 

dk 2 {r,m,e) := d^/Jh ^ ^(/i,m,e))(r) 

is an element of the space Exp^ p pv )i for some vEl. 

Moreover, we get a constant > 0 with 


(75) 


V’J ( r > m > e ) 




— C-0fco ’ 


for every e E 74(0, eo). Without loss of generality, one can reduce the opening of sector Sq 
so that it might be considered the corresponding one involved in the definition of the space 
Exp^ p ^ ^. In view of the proof of Lemma 5, the constant Cij>k 2 depends on in such a way 
that C-0* 2 (Cipfcj) 0 when tends to 0. One can apply q— Laplace transform of order k-f to 

the function ai r vai 'iable and, in direction d p , and obtain that the function 


F° p (T,m,e) := » ^(r,m,e))(T), 


(76) 
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is a holomorphic function with respect to T variable in the set lZ d g n D(0, r\) for any 0 < r\ < 
q( 5-^)/ fc 2/2. 

We define the forcing term p p (t,z,e) by 
(77) f p (t,z,e ) := F~ x (m ^ F dp (et,m,e)) (z), 

which turns out to be a bounded holomorphic function defined on T x x £ p provided that 
( |7l| ) holds. 

The next results provide estimates of the difference of two consecutive solutions of the equa¬ 
tion ( |72[ ) with respect to the perturbation parameter. They can be of two different nature 
depending on the existence or not of singularities of some auxiliary equation in between the 


integration lines where the solutions of (72) are constructed. This phenomena, studied in the 


sequel, turns out to be the reason for different levels to appear on the asymptotic behavior of 
the solution with respect to the perturbation parameter. 


We first describe the procedure to solve equation (72), and the nature of its solution, crucial 


in the asymptotic behavior to be described afterwards. 

Theorem 1 Under the construction made at the beginning of Section^ assume that the con¬ 
ditions (61), (68), (69) and (iffy hold. Let (£p)o<p<?-i be a good covering in C* ; for which a 
family {(77. 0 ^)o<p<?-i, 77(0, p), T} associated to this covering is considered. 

Then, there exist large enough rQ : ji D , and constants Q, > 0 and C\,e > 0 for 0 < £ < D — 1 
and A E Ig such that if 

Cf < C/o C'a ,l < (\,i, 


then, for every 0 < p < ? — 1, one can construct a solution iP p (t,z,e) of (72), which defines a 
holomorphic function on T x Hp x £ p , for every 0 < /3 '< (3. 

Proof Let 0 < p < ? — 1 and consider the equation 

1 

Q(im)a q U dp (T,m,e) = T d °a q 2 i? D (*m)t/ 0 p (T, m, e) 


D -1 


+ E E T ^‘‘ 




t=\ \\£l e 


1 f°° 

^y /2 J C \A m - m 1 ,e)R e (im 1 )U* p (q Sc T,m 1 ,e)dmi 


(78) 


+ o q F* p (T 1 m., e). 


Under an appropriate choice of the constants and £\ t i for all 0 < £ < D — 1 and A E Ie, 
one can follow the constructions in Section [4] and the properties of q —Laplace transformation 
described in Proposition [7] in order to apply Proposition 11 and obtain a solution U 0p (T,m,e) 
of (78). This function can be written as the q —Laplace transform of order k 2 in the form 


(79) 


U* p {T,m,e) = 


w k p (u, m, e) du 


u 


7r q 1 / fc 2 4L 7p 0 g i/fe 2 (t) 

where L 7p = M + e^ 3T ' yp C 5 0p U{0} is a halfline with direction depending on T. Here, u>^( T > m, e) 
defines a continuous function on (77^ U So p ) x M x ZA(0, eo), which is holomorphic with respect 
to (r, e) in (77j p U S$ p ) x 17(0, eo) for every m E M. Moreover, it satisfies there exists C^o p > 0 
such that 


u 1 

k 2 


(80) 


w k 2 ( r > m , e) | < C,® 


1 


w k 2 (1 + \m\)^ 


e -^|m| exp 


k 2 log 2 |r| 
2 log ( 9 ) 


+ i/log |r| 
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for some v E 
Proposition 


12 


of the function given by 


This is valid for r E 7 Z^ p U S 0p , m E R and e E 77(0, eo). Taking into account 
the function (r, m, e) is the analytic continuation with respect to r variable 


(81) 


1 f W k 1 (u,m,e)du 
V/* 0 T/ k (f) u ’ 


where L^i = M + e^^ 7 p C Sa p U {0} is a halfline with direction depending on r, and analytic in 
the set TZ d g n D( 0, ri), for 0 < r\ < g( 2~ a )/ K /2, for some aEl. The function w^(t, m, e) is a 
continuous function defined on (D(0, p) U t/ 0 ) x M x D{ 0, eo) and holomorphic with respect to 
(r, e) on (D( 0, p) U Un ) X D( 0, eo) for every m E M. In addition to that, one has 


(82) 


K£( T > m > e )l < C \ 


-i'(l + |m|)^ 


exp 


/clog 2 |r + <5| 
21og(?) 


+ a log |r + (51 


for some C o P . 5 > 0, valid for every r E (D(0,p) U C/ 0p ), m E M and e E D(0,eo). Indeed, 

w k x 

is the extension of a function (t, m, e), common for every 0 < p < ? — 1, which is continuous 
on D{ 0, p) x M x 11(0, eo) and holomorphic with respect to (r, e) on D( 0, p) X H(0, eo). 

The bounds attained i n (|80[ ) with respect to m variable are transmitted to the function 
U 0p (T, m, e) described in ( |79| . This guarantees one can define J 7_1 (m U 0p (T, m, e))(^) in 
such a way that the function 


u 0p (t, z , e) 1 (m i->- U 0p (et, m, e))(z) 


(83) 


1 


1 


wl P 2 { u ,m,e) du 


(2-k) 1 / 2 TT q i/k 2 @„l/fe 2 (i) 


u 


exp (izm)dm, 


defines a bounded holomorphic function on T x Hp> x £ p , in view of 3) in Definition [FJ 
The properties held by inverse Fourier transform, described in Proposition [8j allow us to 
conclude that u° p (t, z, e) is a solution of the equation (72) defined on T x x S P - □ 


Proposition 13 Let 0 < p < g — 1. Under the hypotheses of Theorem [7J assume that the 
unbounded sectors t7 0p and U 0p+1 are wide enough so that t/ 0p n U$ +1 contains the sector 
Uq d + 1 = {r E C* : arg(r) E [D p ,D p+ i]}. Then, there exist K\ > 0 and K 2 E M such that 


| u 0p+1 (t,z,e) - u 0p (t,z,e)\ < K x exp 2 ipg( g ) log2 N) l e l X2 
(84) |/ 0 ^M,e)-/ 0p (M,e)| < Ad exp 

/or ei/ery t E T, z E i/g', and eEf p n f p+ i. 


&2 


21og(g) 


log 2 | e 


\K 2 


Proof Let 0 < p < g — 1. Taking into account that U 0p ^ p+1 C U 0p n Uq p+1 , we observe from the 
construction of the functions U 0p and U 0p+1 that C° q {\ , (w 0 k r ‘) (r, rn, e) and £f > q .y K {w' 3 ^ 1 )(T,m,e) 
coincide in the domain (T^nT^ ) xlxD(0, eo). This entails the existence of wff dp+] (r, m, e), 
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holomorphic with respect to r on TZ^ p UTZ^ p+1 , continuous with respect to m E 1 and holomorphic 
with respect to e in D( 0, eo) which coincides with m. e) on lZ\ p xlx D{ 0, eo) and 

also with ^i + / K (^ +1 )(T,m,e) on H b dp+1 x M x D(0,e 0 ). 

Let p 0p , 0p+1 be such that p 0p , 0p+1 e 47 P C TZ b p and p 0p , 0p+1 e*>+ 1 C U\ p+1 . The function 

W X fip+1 (u,m,e) 

U e-x 3- - —-- 

( 8 ) 

is holomorphic on 1Z\ p U'Tl\ p+1 for all (m, e) £ Rx (£ p n£ p +i) and its integral along the closed path 
constructed by concatenation of the segment starting at the origin and with ending point fixed 
at p 0p , 0p+1 e* 7p , the arc of circle with radius p 0p)0p+1 connecting p 0p , 0p+1 e* 7p with p 0p , 0p+1 e* 7 !’+ 1 C 
72.g , and the segment from p 0p , 0p+1 e* 7p+1 to 0, vanishes. The difference u° p+1 — u° p can be 

written in the form 


1 


vP p+1 (t, z, e) — vP p (t, z, e) 
w° k p 2 +1 (u,m,€) s du 


(27T) 1 / 2 


7r 0 1 / fc 2 J — oo J L 


0 < ? 1 / fc 2 (rt) 


exp (izm) — dm, 


7y+l:Pi)p,i) p+1 

00 r w k p 2 (u,m,e ) 


u 


i r °° r 

1 / k 2 J—oo JL 


(2tt) 1 /2 7T l/fc 2 JJ L 


Tp ? Pn p ,() p _|_i 


e »>/7 ( a ) 


exp (izm) 


du 

—dm 
u 


(85) 


+ 


1 1 

(27r) 1 / 2 vr g i/ fe2 


/ OO /» 

-oo JC. 


Po p>°p+1’ 7 P’ 7 p+ 1 


(S) 


exp(izm) 


du 

— dm, 
u 


where L 7jlP0p , 0p+1 = [p 0p , 0j ,+oo)e^' for j £ {p,p+ 1} and C' Pi)p , i)p+1 , 7 P , 7 P+1 is the arc of circle 
connecting Pn p $ p+1 e llp with p 0p , 0p+1 e*> +1 (see Figure 1). 



Figure 1: Deformation of the path of integration, first case. 


Let us put 

h 


(27r) 1 / 2 7T l/fc 2 J L 


'7p+l,Pi)p,i) p+1 


w fc 2 +1 ( u ’ m ’ e ) r N , 
-t— r— exp wm —dm 

©«■/*, (3) 
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In view of (80) and ( [Tt| ) , one has 

C „ 

h < 


°p+i 

“ k 2 


il 1 / 2 


—/3\m\—mQ(z) 


C q ,k 2 S( 27T ) 1/2 V /fe2 7-c 


(1 + |m|)P 


( 86 ) 


f°° fk 2 log 2 \u\ \ 3/2 

/ ex P ^-j—rv + yl °g« M 
V, 0p+1 V 21og(g) 7 


exp 


fc 2 log 2 (g 

21og(g) 


d|w|. 


We recall that we have restricted the domain on the variable z such that |9f(z)| < j3' < f3. Then, 
the first integral in the previous expression in convergent, and one derives 

C 


h < 


- l p 2 +1 ( e o r T) i/ 2 

(2vr) 1 /2 7T 1/fc2 


exp 


'POp.^p+l 


/ k ‘2 log 2 |lt| 

V 21 og(«) 


exp 


^g 2 (fl 

2 log(g) 


m 


" 3/2 d|u|, 


for some C o c+1 > 0. We derive 

Wj 

k 2 


exp 


( k 2 log 2 |w| 

V 21 og(<?) 


k 2 log 2 


exp 


2 ( M 

\et\ 


2 log (?) 


= exp 




2 log (^) 


(— log 2 |e| — 2 log |e| log |i| — log 2 |i|) 


x exp 


( k 2 


Vog{q) 

From the assumption that 0 < eo < 1 and 0 < rj- < 1, we get 
(87) 


(log |tt| log |e| + log |it| log \t\) 


exp 


k 2 


log (q) 


log | e | log | 


< |er^ log(rr) , exp 


( ^‘] log |u| log |eA < |e| lo g(<j) log l p 0 j ” i, p+ 1 l, 

Viogw) ) 


for t G T, e G £p n £ p+ 1 , |tt| > p 0 pi 0 p+1 , and also 
f k 2 \ . . fc 2 


exp 


V lo g (?) 


log \u\ log I 


< i lo «(9) 


l0g{p0 ^\ ifp 0p , 0p+1 < \u\ < 1 


( 88 ) 


exp 


( ^ 2 log [rt| log 1 t\] < |u| log M log ( rr ) if |it| > 1 

\log(g) ) 


for t G T■ In addition to that, there exists K k2tPl)p „ p+1 ,q > 0 such that 


(89) 


sup a: 

x>0 


log(q) l°g(P®p,® p +l) 


exp 


k 2 


log (x) < K k2t 


pop,o p+1 ,q- 


2 log(?) 

In view of (87), ( 88 ), (89), and bearing in mind that © holds, we deduce there exist 
K 1 G M, K 2 > 0 such that 


exp 


( k 2 log 2 |w| 

V 21og(g) 


k 2 log 2 


exp 


2 f\A 
1**1 


2 log(g) 


\u\ u < K exp — 


k 2 


2 log(g) 


log |e| |e 


1 K L 


for t G T, r > fa $ +1 , and e G £ p C\ £ p +i. Provided this last inequality, we arrive at 

k 2 c 


u p+i 


h < 


(eo r T) i/ 


C qM 5(2ir)V* T 
3 


t) 1 / 2 r 

1 / k 2 jPi 


Pi>p,O p _|_i 


d\u\ 

| u | 3 / 2 


exp 


k 2 


2 log (q) 


log |e| |e 


1 K 1 


= A ’ aexp '-2i5s) log2|£| 'H"‘ 


(90) 
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for some K 3 > 0, for all4 G T, 2 E Hpi, and e £ £ p H £ p+ 1 . 
We can estimate in the same manner the expression 


h ■= 


1 


i r°° r 

i / fc 2 7—oo JL 


(27T) 1 / 2 7T i/fe 2 Goo /l 


TP'Pi)p,i)p + l 9 


wl p (u,m,e) du, 

— -t— r- expuzm)— dm 

(S) 


to arrive at the existence of K 4 > 0 such that 


(91) 


I 2 < A " 4 exp ( — 


k 2 


■log"|e|)|er, 


2 log ( 9 ) 

for all t £ T, 2 G Hp, and e G 8 V PI £ p +i. We now provide upper bounds for the quantity 


h := 


1 


1 


(27T) 1 / 2 7T i/k 2 J-ooJC, 


n 


(§) 


P0p,0p + 1 ■T'P’l'p+1 


exp(zzm)— dm 
u 


The estimates in (80) and (17) allow us to obtain the existence of C ^ p+1 > 0 such that 

r*oo g—(3\m\—m ( is(z) 


h < 


c 




W ko 


l/ 2 


(2vr)V2 n ql/k2 C qM 5pl'X +i J- oc (1 + \m\Y 


f 


-dm|7 p+ i-7p||f| 1/2 


k 2 log 


exp 


2 ( PapOp+i 

M 


2 log (q) 


for all t £ T, z £ Hpi, and e £ £ p H £ p +\ ■ We can follow analogous arguments as in the previous 
steps to provide upper estimates of the expression 


,1/2 


exp 


Indeed, 
If ) 1 / 2 exp 


fa log 2 (^y-) 
2 log(g) 


= exp 


X exp 


2 log (q) 


k 2 io g 2 (p Mp+1 )\ |e| fc2i t^ +i) N fc2i t:^ +i) 


21og(?) 


ko 


,2 log (q) 

From the assumption 0 < eo < 1 we check that 

k 2 


(— log 2 |e| — 2 log |e| log \t\ - log 2 |t|)^ |f| 1/2 . 


exp 


log ( 9 ) 


log |e| log |t| < |e 


-isife) log ^) 


for t £ T, e £ SpO £ p +\. Gathering (89), we get the existence of K 5 £ M, K 6 > 0 such that 

k 2 log 2 


,1/2 


exp 


t 2 ( P°p*p+i 
\et\ 


to conclude that 
(92) 


2 log (< 7 ) 


I 3 < K 7 exp ( — 




k 2 


2 log (q) 


log- |e| ) |e|^ 5 , 
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for some K‘ > 0, all t E T, z E Hp, and e E £ p n £ p +i. We conclude the proof of this result in 
view of (90), (91), (92) and the decomposition (85). 


in order to obtain analogous estimates for the forcing term f' 3p , one can follow analogous 

□ 


estimates as for u° p under the consideration of the estimates in (75). 


We now state the second situation one can find when estimating the difference of two con¬ 
secutive solutions. For these purpose, we enunciate the next 

Lemma 6 Let 0 < p < — 1. Under the hypotheses of Theorem [7] assume that U$ p n f7 0p+1 = 0. 
Then, there exist K~; > 0, 1W~ E M such that 
(93) 


log 2 |t| ) |T 


mex p (~ 2iog( g ) 

for every e E ( £ p D £ v +i), r E ( 77 ^ n T^, v+1 ) and mEl. 

Proof We first recall that, without loss of generality, the intersection r\TZf can be assumed 

to be a nonempty set because one can vary 6 in advance to be as close to 0 as desired. 

Analogous arguments as in the beginning of the proof of Proposition [13] allow us to write 


I Mf 


e ) - c l-i /*(™£i)( t ’ m ’ e ) 


in the form 


,( 4i +1 {u,m,e) du 

e,■/«(“) 


VT^I/k 


^7 p+ l,Pi)p,0 p+1 

i r 


(94) 


7r< ? 1 / K ^ L "IP’PVp,O p+1 


+ 


(u, m, e) du 


71 a V* JC, 


P *p,Vp +1 'T'P’Tp+l 


Wk^u, m, e) du 


where | i and are constructed in Proposition 

In view of (82) and (17), one has 


13 


Ii--= 


1 

f w° k *(u,m,e)du 

q 1 / K J 



C 


< 




- j 1/2 


C q J(l + \m\Y 


-P\™\ 


f 

Jo, 


exp 


K log 2 |r-e’ 7 P+<5| 
2 log ( 9 ) 


+ alog |re* 7p + <5|) dr 


Pfp,O p _|_i 


Mr 


,.3/2 


< i^ 1 |r| 1/2 (l + |m|)- /1 e-^ w [ 

J P\ 


eX P l 2 \og(q) y 

+ a log r J dr 


pxn 1 K lQ g" r 

eX P 1 21 og(q) 


P^P&P+l 


exp 


K log2 ( H 
2 log(q) 


r 3/2 
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for some Kpi > 0. Usual calculations, and taking into account the choice of a in (71) 
derives the previous expression equals 


one 


|t| 1/2 (1 + exp ^ 

which yields 
(95) 


K 1 2 | | 
log \t\ 


2 log (q) 


r°° «log |t-i i o/o 

/ f log(q) + ' dr, 

'PBp.Op+1 


if < k£ 2 {i + 


exp 


2 log ( 9 ) 


log 2 \t\ , 


for some K ^ 2 > 0 Analogous arguments allow us to obtain the existence of Ilf 3 > 0 such that 


(96) 


wjV 1 (u, m, e) du 


Vl/* Jl 


, ' 1 'p+l’P0p,0p+ 1 


< ^ 3 (l + |m|)-V-^ m l 


exp 


P>3 




2 log ( 9 ) 


log 2 |r| . 


We write 


i 9 • — 


1 [' Wk 1 {u,m,e)du 

PBp,o p+ 1 op, 7 p+ i ®g 1/K (7) u 


V /rc -ic, 


Regarding (82) and (jT7]) , one derives that 


C 


i£ < kl 


vf p g hl m l 


-|l/2 


f7p+l 


exp 


Klog 2 |PBp,B p+ V e +5| . i I , r| 

-2 log(g) -r al °g lPOp,0p +1 e +o| 


V/- ( 1 + \ m \)%l / \ ,,C n J 


Pv p ,d p+ i°q,K 0 > 


exp 


2 log(g) 


de 


, p— |3M 

“ p ’ 41 1 (l + |m|)^ 


exp 


2 log(g) 


2 / /’Bp,O p+1 

hi 


with 


C 


K pA = \l P +i - lp\ - 1 


V 1 /* n 1 / 2 77 ft 

1 P 0 pA p+ 1 ^q^° 


exp 


^log 2 (h0p,0p +1 + <?) 

2 log(g) 


+ ol log(p O p,0p+i + 5 ) . 


Let K p,5 = K p,4 ex p( 2 log(g) l°g 2 (Pap,i)p+i))- H is Straight to check that 


(97) 


r-C < t^C | | 
J 2 A /'■ p5 |r| 


i /o I Klos( 1 P o °^+ l) e _ ^H f «log 2 |r| ^ 


(1 + |m|)^ 6X ^ V 2 log(g) 7 ’ 


From (95), (96) and (97), put into (94), we conclude the result. 


□ 


Proposition 14 Let 0 < p < s — 1. Under the hypotheses of Theorem [7| assume that Uq p D 
Z7o p+1 = 0. Then, there exist K 3 > 0 and K 4 £ M such that 


|u°* +1 (i, 2 ,e) -ii D *(i,z,e)| < A 3 exp^- 2Io ^ log 2 |e|^ |e| X4 , 
(98) | f p+1 (t, z, e) - f p (t, z,e)\ < K 3 exp 

for every t £ T, z £ Hpr, and e £ <5 p D f p +i. 


hi 


21og(g) 


log 2 |e| |e 


iA' 4 




































36 


Proof Let 0 < p < ? — 1. Under the assumptions of the enunciate, one can not proceed as in the 
proof of Proposition [13] for there does not exist a common function for both p and p + 1, defined 
in lZ^ p U 7t\ p+l hr the variable of integration, when applying q-Laplace transform. However, one 
can use the analytic continuation property (81) and write the difference u 5p+1 — u 0p as follows. 
Let p 0p , 0p+1 be such that p 0p , 0p+1 e*> € lZ\ p and p 0p , 0p+1 e l > +1 <E 7^ p+1 , and let 9 P:P+ 1 6 M be 
such that p 0pi0p+1 e ep ’ p +i lies in both lZ\ p and Tl\ p+1 - We write 

u 0p+1 (t, z,e) - v° p (t,z,e) 


1 


1 


( 2 tt ) 1 /2 ITyi/ko 7-00 J L 

i i r°° r 

(27T) 1 / 2 vr i/fc 2 7-00 JL 


w\ p+1 (u, m,e) du 

exp (izm) — dm, 


Tp+l,Pi)p,5 p+1 

oo 


(S) 


wZ( u ,m,e) du, 

-t— r- expuzm )—dm 

w* P , p+1 (i) 


(27r)V2 


+ 


( 27 r ) 1 / 2 


7T 


7T 


i r°° r 

7-00 7c, 


re 


^p 5 ^p+l / 


&2 


i z 100 r 

A / k 2 J —oo JC 


(u, m, e) 

, , — exp(z 2 :mj— am 

P 0 p, 0 p+ 1 > y p,p+l>7p+i ~ q x / k 2 Vet) U 

wlf p+1 (u,m,e ) du 

— -t— r-exp (izm )—urn 

(it) 


(99) 

+ 


(27T) 1 / 2 


'^n 1 / k 2 J —OO J Lq 0 0 , i 

y u,/> 9pi®p+l ’ P.P+l 


p O p ,O p+1 .«p,p+1.7p 

e ) - £ *i/«( w ih)( T > m > c ) ,Ai. 

-e^7(s)-“ p(!2m) ^ 


Here, we have denoted L 7j , Pi)p , i)p+1 = [p 0 p, 0j , +oo)e 1 ^ for j G {p,p+ 1}, Cp 0 p, 0p+1 ,<Wi. 7 p+i is th e 
arc of circle connecting p £ , p , 3 p+1 e*>+ 1 with / o 0 p,i )p+1 e* 6,p ’ p + 1 , Cp 0p , 0p+1 ,0p,p+i, 7 p is the arc of circle 


connecting p 0p , 0p+1 e l > with p 0p , 0p+1 e* yp ’ p + 1 , Lo, P0p , 0p+1 ,<?p,p + i = [0, Px> p ^ p+1 ]e p ' p+1 , as it is shown 
in Figure 2. 



Figure 2: Deformation of the path of integration, second case. 

Following the same line of arguments as those in the proof of Proposition|13[ we can guarantee 
the existence of Ki > 0 and K k G M for 1 < j < 4 and 5 < k < 8 such that 
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Ji ■= 


J2 := 


h ■■ = 


1 

1 

(27T) 1 / 2 

7r ? l/fc2 

1 

1 

(27T) 1 / 2 

7r g l/'=2 

1 

1 

(27T) 1 / 2 

7r ? l/fc2 

1 

1 

(27T) 1 / 2 

7r 9 V*2 



7 P+l’ p >'p,Op _|_ 1 


wl P o +1 (u, m ,e) du 

—-7^— exp (izm)—dm 

'VAa let) 


u 


- A ' iexp| -2i55) log2|e| ' |e|,i:5 ' 



'~tP’P Op,Op +1 ? 


w k p (u,m,e ) ,dtt, 

—-7777- exp(zzm)—dm 

0 9 ia 2 (£) u 


ko 


< I <2 exp ( — '^ 2 log 2 |e| ) \e\ Rb , 



^Op,0p_|_i ’ 0 p,p+l’^p+l 


2 log (9) 


w° k p ’ 13p+1 (u, m, e) du 

——-77-7— exp(tzm) —dm 

0 W*2 (it) u 


J 4 := 


( 100 ) 

We now give estimates for 

( 101 ) 

1 1 



Pc)p,t)p_|_l > 0 p,p+l’7p 


- A3exp (-2l^5j log2|e| ) |e| * 7 ’ 

^fc2 ,0 P +1 ( U ’ m ’ e ) /• 

expuzm )—dm 
u 


Qq 1 /^ (et) 

ko 


-^ exp r^) log2|e|1|e|/ ' 8 





c l-i%( w lT")( u ’ m < e ) - c “,’i/k( w Z)( u < ™. £ ) 

e„./., (3) 


’’ p Elp,i>p + 1 ’®P,P+1 


exp(tzm) 


(27t) 1 /2 7T g i/fc 2 y.oo J Lq 

In view of Lemma [6] and ( |17[ ) , one has 

Ki 1 r dm /■«„•»« oxp (-^ log 2 M)M< d | 


^5 < 


(2vr)V2 


^"o 1 / fc 2 J — OO 


f 

J —( 


(1 + H)^ 7o 


(k? iog 2 i^h 

1 | u 11/2 M 

l 2 log(g) J 

U et 1 


We recall that z £ Hp for some j3' < /3. Then, there exists A'31 > 0 such that 
K£K 31 |e|V 2 4 /2 rPop,!>p+i ex p(-2i^ lo g 2 H)M M " d| 


J 5 < 


( 27 r)V 2 7T i/k 2 C qM 8 Jo 


eX n ( k2 l0S " I £t I 
GXP l 2 log(g) 


i| 3 / 2 ' 


We now proceed to prove the expression 


rp* p ,* p+1 exp 2 !og(g) log 2 M) 


eXP [ k 2 lQg 1 et 1 

eX P l 2 log(g) 


exp 


ki 


2 log (q) 


log 2 |e| 


d\u\ 


\ u f/i- M £ 


du 

—dm 
u 
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is upper bounded by a positive constant times a certain power of |e| for every e E (£ p n £ p +\) 
and t E T. This concludes the existence of K 32 > 0 such that 


( 102 ) 


■h < A" 32 |e| 1/2 exp I - 


fa , 21 1 

log e| 


21 og(g) 


for every e E (£ p H £ P +i), t E T and z E Hgi. 
Indeed, we have 


fPo p ,o p+1 exp I 21og((j) 


log 2 \u\j 


exp 


equals 

(103) 

exp 


fa 


2 log (q) 


log |e| - 


2 log ( 9 ) 


fc a log2 (M) 

2 log ( 9 ) 


log 2 |et | 


exp 


fa 1 21 1 

log |e| 


21og(?) 


d\u\ 


\u 


|3/2 


-Mf 


fPQp,Q p -\- 1 


exp 


(tt + fa), 9 . ,\ . 1°S Ml _3 +M C 

~ —T^log 2 « d 2 p 

2 log (q) J 


d\u 


Given mi E M and m 2 > 0, the function [0, 00 ) 9 x >-> H{x) = x mi exp(—m 2 log 2 (x)) attains 

2 

its maximum value at xq = exp(^)^) with H(xq) = exp(j^). This yields and upper bound for 
the integrand in (|103[); the expression in (|103) is estimated from above by 


PDp,x > p+1 exp 


' (M p £ -3/2) 2 log( g ) \ 

k 2 ) J 


exp 


k 2 


21og(g) k + fa 


- fa + ki) log 2 |e| 


k 2 (*Ip~ 3 / 2 ) 
| e | K+k 2 


X exp 


ko 


21og(g) k + k 2 


— k 2 ) log 2 |i| |f| K+fc 2 


k 2 (.M£ -3/2) 


(104) 


x exp 


r^ 7 r(~n—fa) log M log | 
log(g) K + k 2 


The second line in (104) is upper bounded for every t because 


K+k 2 


< k 2 and also, one has an 


upper bound for the third line in (104) is 1. Regarding and taking into account that 

- k 2 = -ki, 


kl 


K + fa 


the expression (104) is upper bounded by 


k 2 (Mp~3/2) 

A 33 |e| K+k 2 


for some R 33 > 0. The conclusion is achieved. 


The result follows from (99), (100) and (102). 

The proof for the estimates of f dp is analogous as that for u° p . In this case, one has to take 


into account (74), (75) and (77) to apply the same arguments as above. 


□ 


Example: Let A > 0. An example of problem under study in this work is given by the 
equation 

d z (d z + iA) 2 u{qt , 2 , e) = (et) 3 d z u(q b ^ 2 t, z, e) + teci^z, e)u(qt , z, e) 

+ t 2 e 3 ci t 2 (z, e)d z u(q 2 t, z, e) + f(qt, z, e), 
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with ci, 1 , 01,2 and / constructed following the procedure described at the beginning of Sec¬ 
tion [5j 

Here, D = 3, R\ = 1, R -2 = Rs(x) = x and Q{x) = (x + iA) 2 Ro(x). Every condition on the 
constants are satisfied. Also, we observe that one can choose large enough A > 0 in order to 
choose large enough tq Vd > 0, with the only forbidden direction given by the negative real ray. 

6 Existence of formal series solutions in the complex parameter 
and asymptotic expansion in two levels 

In the first part of this section, we develop a two-level q-analog of Ramis-Sibuya theorem. This 
result provides the tool to guarantee the existence of a formal power series in the perturbation 
parameter which formally solves the main problem and such that it asymptotically represents 
the analytic solution of that equation. 

This asymptotic representation is held in the sense of 1—asymptotic expansions of certain 
positive order. 

Definition 8 Let V be a bounded open sector with vertex at 0 in C. Let (F, ||-|| F ) be a complex 
Banach space. Let q E R. with q > 1 and let k be a positive integer. We say that a holomorphic 
function f : V —> F admits the formal power series /(e) = ^2 n>0 fn£ n £ F[[e]] as its q—Gevrey 
asymptotic expansion of order 1/k if for every open subsector U with (U\ {0}) C V, there exist 
A,C > 0 such that 

N 

/(e) - Y ^ 

n =0 

for every e € U, and N > 0. 

The set of functions which admit null q-Gevrey asymptotic expansion of certain positive 
order are characterized as follows. The proof of this result, already stated in [TO] , provides the 
q— analog of Theorem XI-3-2 in [3|. 

Lemma 7 A holomorphic function f : V —> F admits the null formal power series 0 E F[[e]] as 
its q—Gevrey asymptotic expansion of order 1/k if and only if for every open subsector U with 
(U \ {0}) C V there exist constants K\ E M and K 2 > 0 with 

ll/WII F <Jf2exp(- 51 A s log 2 | £ |)| e | Kl , 




N+l 


for all e E U. 

We recall the one-level version of the q— analog of Ramis-Sibuya theorem proved in [IOJ. 

Theorem 2 (q—RS) Let (F, ||-|| F ) be a Banach space and {£ p )o< p <^-i be a good covering in C*. 
For every 0 < p < g — 1, let G p (e) be a holomorphic function from £ p into F and let the cocycle 
A p (e) = G p+ 1 (e) — G p (e) be a holomorphic function from Z p = £ p n £ p +i into F (we put £ q = £0 
and = Go). We also make the further assumptions: 

1) The functions G p (e) are bounded as e tends to 0 on £ p for every 0 < p < g — 1. 
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2) For all 0 < p < g — 1, the function A p (e) is q—exponentially flat of order k on Z p , i.e. 
there exist constants C p E M and C 2 > 0 such that 

II A p( £ )H F ^ Cp\e\ c p exp (-^^ylog'kl) > 
for every e E Z p , all 0 < p < g — 1. 

Then, there exists a formal power series G(e) E F[[e]] which is the common q—Gevrey asymptotic 
expansion of order 1 /k of the functions G p (e) on £ p , which is common for all 0 < p < g — 1. 

The next result leans on the one level version of the q —analog of Ramis Sibuya theorem, 
and states a two level result in this framework. It is straight to generalize this result to a higher 
number of levels, but for practical purposes, we develop it just in two. 

Theorem 3 Let (F, ||-|| F ) be a Banach space and (£ p )o< p <^-i be a good covering in C*. Let 
0 < k\ < k 2 , consider a holomorphic function G p : £i ^ F for every 0 < p < g — 1 and put 
Ap(e) = G p+ i(e) — G p (e) for every e E Z p := £ p n £ p +\ ■ Moreover, we assume: 

1) The functions G p (e) are bounded as e tends to 0 on £ p for every 0 < p < g — 1. 

2) There exist nonempty sets Ii,I -2 C {0, 1,...,? — 1} such that I\ U I 2 = {0,1, ...,g — 1} and 
I\ n I 2 = 0. Also, 

- for every p E I\ there exist constants K 1 > 0, M\ E M such that 

||A p (e)|| F < AR|e| Ml exp (~ 21( ^ lo g 2 |e|^ , e E Z p , 

- and, for every p E I 2 there exist constants K 2 > 0, M 2 E M such that 

IIA p (e)|| F < K 2 \e\ M2 exp !og 2 |e|) , e e Z p . 

Then, there exists a convergent power series o(e) E F{e} defined on some neighborhood of the 
origin and G 1 (e),G 2 (e) E F[[e]] such that G p can be written in the form 

G p (e) = a(e) + G p (e) + G p (e). 

GIG) is holomorphic on £ p and admits G 1 (e) as its q—Gevrey asymptotic expansion of order 
l/k\ on £ p , for every p E I\; whilst G p (e) is holomorphic on £ p and admits G 2 (e) as its q—Gevrey 
asymptotic expansion of order l/fo on £ p , for every p E A- 

Proof For every 0 < i < g, we define the functions Aj (e) E 0{Zj) for j = 1, 2, by 

aba-S A ^ e ) if 1 e h 

\ 0 if z E {0,1,...,— 1} \ Ij 

for e E Zj. 

As an introductory lemma, we provide the following result without proof which can be found 
in Lemma 8 of m, and ii; rests 011 the arguments of Lemma XI-2-6 from 0. 
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Lemma 8 Under the assumptions of Theorem [^|, for every 0 < i < ? — 1 and j = 1,2, there 
exist bounded holomorphic functions 4R : Si —> C such that 

A|(e) = ^ +1 {e) - ®j(e), 


/or every e E Z* (4l/-(e) := Moreover, there exist ip 3 m E F, /or every m > 0, such that 

for every 0 < i < ? — 1 and any closed proper subsector W C 8 P , with vertex at 0, there exist 
K p , M p > 0 with 

M 

- E < e 

m =0 

/or every e E W, and M > 0. 


< A P (M P 


iM+l, 


(M+1)M 


|M+1 


We now consider the bounded holomorphic functions aj(e) = G'j(e) — 4d(e) 
0 < i < s — 1, and e E <£/ By definition, for / = 1, 2 and i E Ij we have 


— 4'rfe). for all 


a i+ i( e ) — ®i(e) — Gj+i(e) — A*(e) — A f(e) — Gj+i(e) — Gj(e) — Aj(e) — 0, 


for e E Zj. Therefore, each aj(e) is the restriction on S% of a holomorphic function a(e), defined 
on a neighborhood of the origin but zero. Indeed, a(e) is bounded on Uo<i< ? -i£i so the origin 
turns out to be a removable singularity and, as a consequence, a(e) defines a convergent power- 
series on the neighborhood of the origin (Uo<i< ? -i£i) U {0}. 

One can finish the proof by rewriting 

Gi(e) = a(e) + (e) + 4'f(e), 


and bearing in mind Lemma [8} □ 

We conclude this section with the main result in the work in which we guarantee the existence 
of a formal solution of the main problem (72), written as a formal power series in the pertur¬ 
bation parameter, with coefficients in an appropriate Banach space, say u(t,z,e). Moreover, it 
represents, in some sense to be precised, each solution u ip (t,z,e) of the problem (72). 

This result is based on the existence of a common formal power series f(t,z,e ) which is the 
q —Gevrey asymptotic expansion of order 1 /k\, seen as a formal power series in the perturbation 
parameter e with coefficients in a certain Banach space, of every / 3p on £ p . 

From now on, F stands for the Banach space of bounded holomorphic functions defined on 
T x Hpi, with the supremum norm,where f3' < f3, as above. 


Lemma 9 Under the hypotheses on Theorem QJ there exists a formal power series 

_ 

= V fm(t,z)—, 
ml 

m> 0 


with fm(t, z) E F for m > 0, which is the common q— Gevrey asymptotic expansion of order l/k\ 
on £ p of the functions f 0p , seen as holomorphic functions from £ p to F, for all 0 < p < ? — 1. 


Proof Let 0 < p < ? — 1. We consider the function f Pp constructed in (77), and define 
Gp(e) := ( t,z ) i y f' 3p (t, z,e), which is a holomorphic and bounded function from £ p into F. 
Regarding (84) and (98), and taking into account that k\ < k 2 , we have that (98) holds for 
every 0 < p < — 1. This yields the cocycle Ap(e) := Gp +1 (e) — G p (e) satisfies the conditions of 

Theorem [2] for k = k\ , and one concludes the result by the application of Theorem [2j □ 
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Theorem 4 Under the hypotheses of Theorem [7] there exists a formal power series 

u(t,z,e) = Y h m (t,z) — £ F[[e]], 

m> 0 


formal solution of the equation 


Q(d z )a q u(t,z,e) = (et) dD cr q 2 + R D (d z )u(t,z,e) 


(105) 


+ £(£*■ 

t= 1 \\£l e 


e <Ta e c\/{z,e)Rt(d z )u(t,z,e) + a q f(t,z,e). 


Moreover, u(t,z,e ) turns out to be the common q—Gevrey asymptotic expansion of order l/k\ 
on i S p of the function vf p , seen as holomorphic function from £ p into F, for 0 < p < q — 1. In 
addition to that, u is of the form 


u(t,z,e) = a(t,z,e) + u\{t,z,e) + u 2 (t,z,e), 

where a(t,z,e ) £ F{e} and u\{t, z, e), u 2 (t, z, e) £ F[[e]] and such that for every 0 < p < q — 1, 
the function u 13p can be written in the form 

v° p (t, z, e) = aft, z, e) + u\ p (t, z, e) + u° 2 p (t, z, e), 

where e >-)• u\ p (t, z,e) is a F -valued function that admits u\{t,z,e) as its q—Gevrey asymptotic 
expansion of order l/k\ on £ p and also e i->- u 2 {t,z,e) is a ¥-valued function that admits 
u 2 (t,z,e ) as its q—Gevrey asymptotic expansion of order l/k 2 on £ p . 


Proof For every 0 < p < 1, one can consider the function u° p (t, z, e) constructed in Theorem]!] 

We define G p (e) := ( [t,z ) e -> u p (t,z,e), which is a holomorphic and bounded function from £ p 
into F. In view of Proposition |13| and Proposition |14[ one can split the set {0,1 ,q — 1} in two 
nonempty subsets of indices, I\ and I 2 with {0,1,— 1} = I\ U I 2 and such that I\ (resp. I 2 ) 
consists of all the elements in {0,1,1} such that U$ p fl U 0p+l contains the sector Uq q +1 , as 
defined in Proposition 13 (resp. U$ p n Uq p+1 = 0). From (84) and (98) one can apply Theorem [3] 


and deduce the existence of formal power series G 1 (e),G 2 (e) £ F[[e]], a convergent power series 
a(e) £ F{e} and holomorphic functions G p (e), G p (e) defined on £ p and with values in F such that 

G p (e) = a(e) + Gl(e ) + Gl(e), 


and for j = 1,2, one has G p (e) admits G 3 {e) as its q— Gevrey asymptotic expansion or order 
1 /kj on £ p . We put 

u(t,z,e) = := «( e ) + G'p( e ) + G 2 p {e). 

m> 0 


It only rests to prove that u(t,z,e ) is the solution of (105). Indeed, since u^ p (resp. / 0p ) 
admits u(t,z,e ) (resp. /) as its q— Gevrey asymptotic expansion of order l/k\ on £ p , we have 
that 


lim sup | dff l u' 3 p {t, z, e) — h m (t , z)\ =0, 

e->0 ,ce£ p t£_T,z£Hpt 

lim sup \d™ f p (t, z, e) - f m (t, z)\ = 0, 

e—-0,e£Sp t£T,zeHpi 


( 106 ) 
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for every 0 < p < s — 1 and m > 0. Let p £ {0,1,...,? — 1}. By construction, the function 
« 0 p (t, z, e) solves equation (|72|). We take derivatives of order m > 0 with respect to e at both 


sides of equation (72) and deduce that (z, e) satisfies 
Q{d z )a q {d^u^){t,z,e) = ^ 


m\ 


mi+m-2 


77T-l!m2! 


1 d™ 1 {e dD )t dD af +i R D {d z ){d™u*v) 


D -1 


+ EE E 

£=1 Ae/^ mi+m 2 +m 3 =m 


m\ 

mi!m2!ni3! 


(107) 


(d™ 1 e^ x ’ e )t dx ' e (d™ 2 c\ t £(z, e))Rg(d z )cr q e (d™u^ p ) 
+ a q (d™f”)(t,z,e), 


for every (t, z, e) £ T x Rg/ x £ p . We let e —)• 0 in (107) and obtain the recursion formula 

Q(d z )a q h m (t,z) = -— m ' ,. t dD er q 2+ R D h m _ do (t,z ) 

[m — do)' 


D -1 


(los) +EE E 


mi 


\£lg m2-\-m3=m—A\ g 


777-2 ! 


t dx ’ e (d™ 2 c\ ti (z, 0 ))Ri(d z )cr q e hm 3 (t, z) + cr q f m (t, z) 


for every m > max{do, maxi<f<£)_i^g;, A Aj f}, and all (t, z) £ T X Hp>. Bearing in mind that 
c A,t (constructed in (|73[) ) is holomorphic with respect to e in a neighborhood of the origin, in 
such neighborhood one has 


(109) 


\ _ (9™q)(0,o) 

cx,e{z,e) — 2_^ -.-e 


m> 0 


ml 


for every 1 < i < D — 1 and A £ I f. By direct calculations on the recursion (108) and (109) one 
concludes that the formal power series u(t, z, e) = X)m>o hm(t, z)e m /m\ is a solution of equation 

([105)- ^ 

□ 


7 Application 

Let D > 3 and k\ > 1 be integers. Let q £ M with q > 1 and assume that for every 1 < t < D — 1, 
If is a finite nonempty subset of nonnegative integers. 

Let do > 1 be an integer. For every 1 < i < D — 1, we consider S > 1 and for each A £ If, 
we take integers d Ai f > 1, A A] f > 0. We assume that 

<5i = 1, Sg < <5f + i , 

for every 1 < £ < D — 1 and all A £ If, and also 

(HO) A Ai f>d A ,f, ^ + 1><+ '- + l>d e , 

k\ k i 

for every 1 < £ < D — 1, and all A £ If. 

We consider Q, Rf £ C[X] for all 1 < i < D with 


deg(Q) > deg(Ro) > deg(Rf), Q (im) / 0 , Rd (im) 7 ^ 0 
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for every rn E M and all 0 < i < D — 1. We take (3 > 0 and p > deg(Q) + 1. 

For every 1 < t < D — 1 and all A E I^, the function rn t —> e) belongs to the space 

for some {3 > 0 and p > deg(RD) + 1. In addition to that, we assume this functions 
depend holomorphically on e E D( 0, eo), and also the existence of apositive constant C\^ such 
that 


( 111 ) 


e)|| (j g jju) < C\,e, 


for every e E D( 0, eo). 

Let Nq > 0 be an integer. We choose F(T, m, e) = Yln=o E n (m, e)T n € E(p^[[T]\ which 
depend holomorphically on e E D{ 0, eo). We assume there exist positive constants Ko,To such 
that ^ 

ll F n(m,e)|| (A ) < K 0 — , 

o 

for every 0 < n < Nq and e E 11(0, eo). Under this last condition, B q i/ kl (F{T, m, e))(r) is an 
element of Exp,^ ^ fiapp ^ or some a ^ and P > 0, and every p, which will be denoted by 
i/)k (r, m, e). Following the same arguments as in Lemma 5 in (10j . one can check that 

'ki log 2 |r + 6 \ 


( 112 ) 


e ~P\m\ 


exp 


+ a log |r + 5| 


21og(?) 

for some C q, > 0, valid for all e E D{ 0, eo), r E Uq p U H(0, p) and m E M. 

We consider P 2 > Pi as chosen in Section [4j and k determined by (23). From the fact that 
the q— Laplace transform of some order provides an extension of the inverse operator for the 
formal q— Borel transform of the same order when defined on monomials, it is direct to check 
that 


N 0 


(113) 


F n (m, e)T n = £ 9;1/fc2 £ g;1/K ^ (r, m, e), 


71—0 


for every e E D( 0, eo), m E M. 

We depart from the formal power series F(T, m, e) = Yln> o E n (m, e)T n , where F n (m, e) are 
defined after (72), in Section [5j and assume that this formal power series formally solves the 
equation 


ia+i 


Q(im)a q F(T, m, e) = T dr> a q kl Rd (im)F(T, m, e) 

D-l 


+ E E Td 

1=1 Vasi^ 


1 


(27t) 1/2 J - c 


(114) 


C\A m ~ mi, e)Ri(imi)F(q Se T, mi,e)dmi 
+ a q F(T,m,e). 


Proposition 15 Assume that F p (m,e ) are fixed, elements in Erp^ which depend holomorphi¬ 
cally on e E D( 0, eo), for 

p E < 0,1,..., max{ max d\p,dn}>. 

{ i<t<D-i,\ei t ’ J 

Then, there exists a unique formal solution power series F(T,m,e ) = JJ n >o F n (m, e)T n , where 
m (->• F n (m,e) is an element of Eip^ which depend holomorphically on e E D( 0, eo). 
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Proof By plugging the formal power series F(T,m,e ) into equation (114), one gets that its 

on formula in 

l F n -d D (m,e) 


coefficients satisfy the following recursion formula in order to be a formal solution of (114): 

Rd(oti) (ii+i)(n—d D )—^ 


F n (m,e) = 

(4 (im) 


+ 


1 


D—1 


Q (im) 


EE' 

i=i \£i e 


-A\ o— d\ 


1 


(2tt)1/2 J_ c 


C\/(m — mi, e)Tl£{imi)q 5n ^ n dA ’d n F n _ dxt dm\ 

1 


+ 


Q (im) 


F 

*- nj 


for every n > max{maxi<f<D-i,Aei< do}- In view of Lemma [2] and Proposition^ the 
coefficients F n belong to E(p^), and depend holomorphically on e E D(0, eo)- n 

We multiply equation (114) by T kl and apply the formal q —Borel transform of order k\ on 
both sides of the resulting equation. Regarding Proposition [6j we arrive at 


r F r d D +fci 

Q( im ) (g i/ fcl)fcl(fcl -i)/2 ^i = (gl/fcl)(dD+fcl)(dD+fcl _ 1)/2 Rd (im)^ kl (r, m, e) 


D—l 


+ E E 


e ^\,t—d\,e r d\,e+ki 

^ql/ki^(dx,e+ki)(d\ t e+ki—i)/2 


(J, 


X d A,£ i i 

&l fci 1 1 /rv .v™ ,\ „.R 


(2vr)V2 


(C A ,e(m, e) tp kl (r, m, e)) 


e=i yAeif 

(115) 

T k\ 

+ ((? l/fci ) fci(fci-l)/2^ fc l( T ’ m ’ 

where 

r n T n 

ipkx (t, m, e) = ^F n (m,e) (w _ 1)/2 , ^ kl (r,m,e) = ^F>,e)—— 

n>0 W I n>0 vy ' 

We now make the additional assumption that there exists an unbounded sector 
Sq,r d = {z E C : \z\ > r Qj R D , | arg(z) - d Q ,R D | < Vq,k u } , 
for some ?7 q,r d > 0 and dQ,R D E R. such that 

Q (im) 


We consider the polynomial 


P mir) = 


Rd (im) 


Q (im) 


£S Qi r d , m E M. 


Rd(™) 


(qri/fci)fci(fci i)/2 (qi/k^ 


(dj3+fei)(dj-)+fci — 1) ’ 

2 


and factorize it 


Rd(oti) 


(q 1 / k i 


Idp+fcxKdp+fcl-l) 

) 2 


dp —1 

no 

1=0 


T 
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with 


q dm) = 


|Q(im)| 


|Rd(™) 


(q 1/k 


. (dQ+felKdc+ti-lJ-^ft-l) 
1 I 2 


l/d E 


x exp 


1 


^(—arg 


Q (im) 
Rofim) 


(Q 1/k 


(d D +fe 1 )(d I;( +A; 1 -l)-*: 1 (fc 1 -l) \ 27 jl 

" 1 ' + <to 


for every 0 < l < dn — 1. 

Moreover, we choose the family of unbonded sectors U$ p , 0 < p < g, with vertex at 0, a small 
closed disc 14(0, p), established in Definition [?J and choose 1>q,r d satisfying 

1) There exists Mi > 0 such that 


k-q/MI >Mi(l + |r|), 

for every 0 <l< do — 1, all m G M and r G U 0p U Z4(0, p), 0 < p < g — 1. 
2) There exists M 2 > 0 and lo G {0, ...,dD — 1} such that 

l T -q£ 0 ( m )l ^ M 2|q; 0 ( m )l> 

for every m G M and r G D( 0, p) U Ud , and all 0 < p < g — 1. 


One can follow analogous steps as in (52) to conclude the existence of a constant Cp > 0 
such that 

(116) |P m (r)| > Cp(r Q , RD ) 1/dD |R D (im)|(l + \T\) d ^~\ 

for every r G D( 0, p) U U^ p , for all 0 < p < g — 1, and mGl. 

Proposition 16 Let vj > 0. Under the hypotheses made at the beginning of Section [?] on the 
elements involved in the construction of equation (115) and ( llOj) , under assumptions 1) and 2) 
above, and if there exist small enough positive constants , C\,i f or 1 < (- < D — 1 and A G It 
such that 

C\i < C\,e C L ki ^ Cy, k[ , 

1 Or? 


then the equation (115) admits a unique solution ^’(t, m, e) in the space Exp ^ p ^ a y for some 
v G M. Moreover, ||?/^(t, m, e) for every e G 14(0,eo), and this function is 
holomorphic with respect to e in 14(0, eo). 

Proof The proof of this result follows analogous steps as those in the demonstration of Propo¬ 
sition so we omit it. □ 


Let F 0p (T, m, e) be defined in (76). 

We put c = J r ~ 1 (m >-)• Cwhich is a holomorphic function defined in Hpi x 
14(0, eo), and 

= ^.F _1 (m H- F n (m,e))(z)(te) n , 

n> 0 

which is a holomorphic function defined in 14(0, r) x Hpi x 14(0, eo), for small enough r > 0. 
One can apply 5F~ l to (114) to deduce that / 0p is a solution of the equation 
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Q (d z )a q f p (t,z,e) = (et) d °a q kl + R r>(d z )f p (t,z,e) 

(117) +Y^ (^2t dx ’ e e^ i a^c x ,e(z,e)R £ (d z )f p (t,z,e)\+a q {{t,z,e). 

i=i \Aeif ) 

Theorem 5 ITe assume the hypotheses of Theorem^ and those stated in this section hold. We 
denote 


P(t,z,e,d z ,cr q ) = Q(d z )a q - ( et) do a q 2 + R D (d z ) - ^ | ^ t dx ’ e e Ax ’ e cr q e c x/ (z, e)R ( fd z ) ) , 

e =i \Ae^ 


D—1 


P(t,z,e,d z ,a q ) = Q{d z )a q - (et) dD a q 1+ R D {d z ) - ^ | ^ t dx - t e Ax - i af 1 e c x , i (z,e)R i (d z 

e=i \ x e j £ 

T/ien ; the functions u ip (t,z,e) constructed in Theorem^ solve the problem 

(118) P(t,z,e,d z ,a q )af 1 P(t,z,e,d z ,a q )u 1)p (t,z,e) = a q f{t,z,e ), 

whose coefficients and forcing term f are analytic functions on D( 0, r- 7 -) x Hp* x H( 0 , e 0 ). More¬ 
over, the formal power series ii(t, z,e), constructed in Theorem^ formally solves equation (118). 


D 1 


Proof For the first part of the proof, one can check that F Vp (T, m, e), as defined in (76) 


is 


an analytic solution of equation (114). This assertion comes from the equality ( ]1 13 ) and the 
application of the properties of the q —Laplace transform, stated in Proposition [7] in the same 
manner as it has been done throughout the work, so we omit the details at this point. Then, 
the first part of the result is straight from (117) and Theorem[lJ In order to prove that u(t, z , e) 
provides a formal solution of equation (118) one takes into account that u(t,z,e) formally solves 
equation (72) and that f(t,z,e), constructed in Lemma [ 9 ] formally solves equation 


P(t, z, e, d z ,a q )f(t, z, e) = a q f(t, z, e). 


□ 
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